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Ab initio potential-energy curves, scattering lengths, and rovibrational levels of the He+
2 molecular
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We calculate accurate potential-energy curves for a ground-state He+ ion interacting with a He atom in the
lowest-energy metastable 3S electronic state. We employ the full configuration-interaction method, equivalent
to exact diagonalization, with results extrapolated to the complete basis set limit. The leading relativistic and
adiabatic corrections are included using perturbation theory. We calculate rovibrational levels and spectroscopic
constants of the He+

2 molecular ion in excited electronic states for three stable isotopologues. We predict the
scattering lengths for ultracold ion-atom collisions. The theoretical data are presented with their uncertainties
and agree well with previous results for the ground state. The reported results may be useful for the spectroscopy
of the He+

2 molecular ion in the excited electronic state and collisional studies of He+ ions immersed in ultracold
gases of metastable He atoms.
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I. INTRODUCTION

Precision spectroscopy of few-electron atoms and
molecules provides a perfect ground for probing our
understanding of quantum mechanics, quantum electro-
dynamics, and even the Standard Model [1,2]. Examples
include the measurements of the atomic hydrogen Lamb shift
and the proton radius [3,4], the electron-to-proton mass ratio
[5], the spatiotemporal variation of fundamental constants
[6], and bounds on the fifth force [7], among others. Such
applications are realized by comparing experimental atomic
or molecular transition frequencies with theoretical results of
accurate ab initio calculations.

The electronic structure calculations for few-electron
atoms and molecules have reached unparalleled accuracy.
The nonrelativistic, electronic Schrödinger equation can be
solved almost exactly for such systems, while relativistic,
quantum electrodynamics, adiabatic, and nonadiabatic correc-
tions can be included in a controlled and systematic way.
Highly accurate calculations have been carried out for the
H [8], He [9–11], and Li [12,13] atoms, as well as for the
H+

2 [14], H2 [15], HeH+ [16,17], HeH [18,19], He+
2 [20–23],

and He2 [24,25] molecules and molecular ions, and their iso-
topologues, reaching accuracy below 10−4 cm−1 or 1 ppb in
some cases. Spectroscopic accuracy (below 1 cm−1) has also
been achieved for some larger, many-electron molecules, e.g.,
Li2 [26], NaLi [27], and Be2 [28]. The precisely calculated
spectroscopic properties of the lightest atoms and molecules
are also important for astrochemistry and astrophysics, as they
dominate the cosmic matter [29,30].
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The highly accurate calculations of interactions between
atoms are crucial for predicting and understanding their
collisional properties in the ultracold regime. Tremendous
successes have already been achieved in experimental con-
trol and application of degenerate quantum gases of ultracold
neutral atoms [31]. Recently, the first experiments with sin-
gle trapped ions immersed in ultracold atomic gases [32,33]
have also achieved the s-wave quantum regime of ion-atom
collisions. It paves the way for investigating qualitatively new
and interesting controlled chemistry and quantum few-body
physics [34] governed by longer-range ion-atom interactions,
which are missing in neutral samples. Until recently, the ex-
perimental ion-atom systems were only investigated in the
temperature regime where the semiclassical theory of colli-
sions explains the system’s dynamics [35]. It is easier to reach
the quantum regime in systems that contain a heavy ion and
light atoms, where the micromotion effects are less relevant
and thus result in less heating [36]. On the other hand, one
can investigate ion-atom interactions in light systems, where
the small reduced mass of the colliding particles results in a
higher temperature of the quantum regime [37]. Additionally,
a small number of electrons may allow for more accurate
theoretical predictions. We choose the latter approach and
propose studying a helium ion in the ground doublet 2S
state immersed in an ultracold gas of helium atoms in the
first excited metastable triplet 3S state. The well-developed
methods for laser cooling and trapping of such atoms [38]
combined with high controllability and long lifetime of ions,
which can be sympathetically cooled and manipulated [39],
give the prospects for fruitful experimental investigation and
application of ultracold He+ + He∗ collisions.

Here, we investigate the excited-electronic-state proper-
ties of the He+

2 molecular ion resulting from the interaction
between a He+(2S) ion and a He∗(3S) atom. We use
state-of-the-art electronic structure methods to calculate the
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potential-energy curves (PECs) and spectroscopic constants.
We employ the full configuration-interaction (FCI) method
and one-electron Gaussian basis sets of increasing size. The
electronic energies near the complete basis set (CBS) limit are
obtained by employing extrapolation techniques. In order to
increase the accuracy of the calculations, we include the lead-
ing relativistic and adiabatic corrections using perturbation
theory and also estimate the quantum electrodynamics effects
on the interaction energy. We calculate the rovibrational lev-
els of three stable isotopologues of the He+

2 molecular ion.
Finally, we use our accurate PECs to provide the scattering
lengths in the ground and excited electronic states.

This paper has the following structure. Section II describes
the theoretical methods used in the ab initio electronic struc-
ture and nuclear dynamics calculations. Section III presents
and discusses the results, i.e., the potential-energy curves, the
rovibrational spectra, the spectroscopic characteristics of the
He+

2 molecular ion, and the scattering lengths. Section IV
summarizes the paper and points to further applications and
extensions of the presented results and methodology.

II. COMPUTATIONAL METHODS

A. Electronic structure calculations

The interaction of an open-shell helium ion in the ground
doublet 2S state with a closed-shell helium atom in the ground
singlet 1S electronic state results in the ground molecular
electronic state of the X 2�+

u symmetry and the first-excited
electronic state of the A2�+

g symmetry. When a helium ion
in the ground 2S state interacts with an open-shell helium
atom in the first metastable triplet 3S state, it results in the
electronic states of the a4�+

u , B2�+
g , C2�+

u , and b4�+
g sym-

metries, listed in the order of increasing energy. We solve
the electronic time-independent nonrelativistic Schrödinger
equation in the Born-Oppenheimer (BO) approximation and
obtain wave functions and energies of the mentioned molecu-
lar electronic states.

The many-electron wave functions are represented using
the configuration-interaction (CI) approach [40] as an ex-
pansion in a set of Slater determinants constructed from
Hartree-Fock spin orbitals, which are in turn expanded in a set
of fixed one-electron Gaussian basis functions. The energies
and wave functions of the considered electronic states are ob-
tained by the direct diagonalization of the Hamiltonian matrix
calculated using all possible Slater determinants with a well-
defined spatial symmetry and spin projection: MS = 1

2 for the
doublet molecular states, MS = 3

2 for the quartet molecular
states, MS = 0 for the singlet atomic states, MS = 1

2 for the
doublet ionic states, and MS = 1 for the triplet atomic states.
The combination of the CI approach and the direct diagonal-
ization in a set of all possible Slater determinants is known
as the FCI method. With modern computing power, highly
accurate calculations employing the FCI method are possible
for systems composed of up to eight electrons [41–43].

We calculate the nonrelativistic BO interaction energy at
the internuclear distance R using the supermolecule method:

VBO(R) = EHeHe+
BO (R) − EHe

BO(R) − EHe+
BO (R), (1)

where EHeHe+
BO (R) is the BO energy of a given molecular state

and EHe
BO(R) and EHe+

BO (R) are the BO energies of the atom (in
the respective electronic state) and the ion computed in the
dimer-centered basis set [44]. This is equivalent to applying
the so-called counterpoise scheme [45] to remove the basis
set superposition error, which is a consequence of unphysical
lowering of the monomer energies due to the presence of basis
functions at both sites in calculations for the dimer. When
R → ∞, the energies EHe

BO(R) and EHe+
BO (R) tend to values EHe

BO

and EHe+
BO , which are the energies of the noninteracting atom

and ion, respectively, in the monomer-centered basis set.
To achieve the highest accuracy, we include the adiabatic

and relativistic corrections to the interaction energy:

Vint(R) = VBO(R) + Vad(R) + Vrel(R). (2)

The adiabatic correction, also known as the diagonal Born-
Oppenheimer correction, is the leading effect beyond the
Born-Oppenheimer approximation due to the coupling of nu-
clear and electronic motions. In light systems, such as He+

2 ,
the adiabatic correction may be dominant when compared
with the relativistic correction, especially at smaller internu-
clear distances. The adiabatic correction to the interaction
energy, Vad(R), is constructed analogously to Eq. (1) with
the BO energies, EBO(R), of the molecular, atomic, and ionic
states replaced by the adiabatic correction, Ead(R), calculated
for each respective system. Within the Born-Handy approach
[46–48], the adiabatic correction for a given system is de-
fined formally as the expectation value of the nuclear kinetic
energy operator, 〈Tn〉, calculated with the nonrelativistic Born-
Oppenheimer wave function in the space-fixed coordinate
space [49]. As the BO wave function depends on the nuclear
coordinates only parametrically, direct implementation of this
definition requires the use of cumbersome numerical differ-
entiation techniques [50,51]. Fully analytical approaches to
calculate the adiabatic correction have also been developed
[52–54]. In this paper, we employ an alternative approach de-
signed specifically for diatomic systems proposed in Ref. [55]
and described in detail in the Appendix. The presented ap-
proach relies on the FCI representation of the wave function
of the dimer and the monomers.

We calculate the leading-order relativistic correction to
the interaction energy, Vrel(R), within perturbation theory for-
malism. This approximation is appropriate because we only
investigate the � states of light molecules involving atoms
with small atomic numbers. We employ the approach based on
the Breit-Pauli Hamiltonian [56] accurate to the second order
in the fine-structure constant (∼α2):

Vrel(R) = VMV(R) + VD1(R) + VD2(R) + VOO(R), (3)

where VMV(R) is the mass-velocity correction, VD1(R) and
VD2(R) are the one- and two-electron Darwin corrections, and
VOO(R) is the orbit-orbit correction. We neglect the spin-spin
and spin-orbit corrections that result in the fine-structure split-
ting of the energy levels and include only terms that shift
nonrelativistic energy without splitting the levels. The individ-
ual relativistic corrections in Eq. (3) are obtained analogously
to Eq. (1) from corrections calculated for the molecular,
atomic, and ionic states. The relativistic corrections to the
energies of the molecule and the monomers, in atomic units,
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are given by expectation values calculated using the FCI wave
functions:

EMV(R) = −α2

8

〈∑
i

p4
i

〉
, (4)

ED1(R) = π

2
α2

∑
I

ZI

〈∑
i

δ(rIi )

〉
, (5)

ED2(R) = −πα2

〈∑
i> j

δ(ri j )

〉
, (6)

EOO(R) = −α2

2

〈∑
i> j

[
pi · p j

ri j
+ ri j · (ri j · p j )pi

r3
i j

]〉
, (7)

where I and i denote the nuclei and electrons, respectively, ZI

is the atomic number of a given nucleus, rIi and ri j denote
interparticle vectors, δ(r) is the Dirac-delta function, and pi is
the momentum operator of the ith electron.

Additionally, we estimate the leading-order post–Breit-
Pauli correction to the interaction energy, VQED(R) [finally not
included in Eq. (2)]. These terms, the so-called Lamb shifts,
are proportional to α3 and α3 ln α, and estimate the leading
quantum electrodynamics (QED) effects. They are given by
[57]

VQED(R) = VQED,1(R) + VQED,2(R), (8)

where VQED,1(R) and VQED,2(R) are the one- and two-electron
contributions approximated by

VQED,1(R) = 8α

3π

(
19

30
− 2 ln α − ln kHeHe+

0

)
VD1(R), (9)

VQED,2(R) = −α

π

(
89

15
+ 14

3
ln α

)
VD2(R), (10)

where VD1(R) and VD2(R) are the one- and two-electron Dar-
win corrections to the interaction energy from Eq. (3) obtained
using Eqs. (5) and (6). Furthermore, we approximate the
molecular Bethe logarithm by

ln kHeHe+
0 = ln kHe

0 EHe
D1 + ln kHe+

0 EHe+
D1

EHe
D1 + EHe+

D1

, (11)

neglecting its dependence on R, where EHe
D1 and EHe+

D1 are the
one-electron Darwin corrections to the energy of monomers
and ln kHe

0 and ln kHe+
0 are the atom and ion Bethe logarithms,

respectively [58]. We use ln kHe
0 = 4.370 160 223 070 3(3)

[59], ln kHe∗
0 = 4.364 036 820 476(1) [59], and ln kHe+

0 =
4.370 422 916 (compiled from Ref. [60]).

In this paper, we neglect nonadiabatic effects, spin-
dependent contributions, and higher-order relativistic and
QED corrections. These terms, similar in magnitude to errors
from using perturbation theory and couplings between differ-
ent effects, are expected to be much smaller than the final
uncertainties of our PECs.

The FCI calculations are performed using the HECTOR pro-
gram [61]. The Hartree-Fock orbitals, the standard one- and
two-electron integrals, nonstandard integrals necessary in the
calculation of the adiabatic correction, and integrals involving
the relativistic operators are generated using local version of
the DALTON 2.0 package [62–64]. We calculate the values of
VBO(R) on a grid of 101 points of R ranging from 1.2 to

50.0 a0 for the X 2�+
u state and 79 points of R in the same

range for all other molecular electronic states [65]. We use a
grid step of 0.25 a0 near the minima of the potentials (0.05 a0

for X 2�+
u ) and 0.50–1.00 a0 elsewhere. All relativistic and

adiabatic corrections are calculated on a grid of 43 points of
R ranging from 1.25 to 50.0 a0 [65]. The interaction energies
are interpolated using spline polynomials of the order 3 on
a dense grid instead of fitting a single analytical function in
order to avoid potential fitting errors.

In the FCI calculations of the molecular electronic states
dissociating into the helium atom in the singlet 1S state and the
helium ion in the doublet 2S state, we use a family of double-
augmented correlation-consistent polarized-valence Gaussian
basis sets dXZ(1S) from Ref. [66], where the cardinal number
X ranges from X = 2 to 8. The largest angular momentum of
the one-electron functions included in this type of basis sets
is lmax = X − 1. For the relativistic and adiabatic corrections
to the X 2�+

u and A2�+
g states, we use the dXZu(1S) [66]

and dXZcp(1S) [25], respectively, modified versions of the
dXZ(1S) basis sets.

In the FCI calculations of the molecular electronic states
dissociating into the helium atom in the triplet 3S state and the
helium ion in the doublet 2S state, we use a family of double-
augmented correlation-consistent polarized-valence Gaussian
basis sets dXZ(3S) from Ref. [67], where the cardinal number
X ranges from X = 2 to 7. For the relativistic and adiabatic
corrections to the a4�+

u , B2�+
g , C2�+

u , and b4�+
g states, we

use the dXZu(3S) and dXZcp(3S) variants of these basis sets,
which are prepared similarly as in the case of the states disso-
ciating into the lowest asymptote.

The transition electric dipole moments for electric-dipole-
allowed transitions E1 are calculated as transition matrix
elements between the FCI wave functions calculated using
the dXZ(3S) basis sets. Additionally, the electric-dipole-
forbidden transition moments between doublet and quartet
molecular states are estimated by solving the four-component
problem with the Dirac-Coulomb Hamiltonian by using the
Generalized Active Space CI module [41,68–70] of the DIRAC

2022 program [71], where we use the doubly augmented Dyall
quadruple-zeta basis set [72] and include 48 orbitals in the
active space.

B. Numerical uncertainties

The accuracy of the interaction energies is crucial for
calculating rovibrational spectra and scattering lengths. To
estimate the accuracy of the calculated interaction energies,
we approximate exact values of the interaction energy by
extrapolating the results obtained with finite-size basis sets
to the CBS limit and estimate the numerical uncertainties
by comparing the results computed with the largest ba-
sis set used in the extrapolation procedure with the CBS
limit.

For the doublet molecular electronic states, we assume that
the basis set truncation error of the calculated BO interaction
energy vanishes with the increasing value of the basis set’s
cardinal number as [73–75]

V X
BO = V CBS

BO + A3

X 3
+ A5

X 5
, (12)
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where V X
BO is the BO interaction energy calculated using the

basis set with the cardinal number X and V CBS
BO is the BO

interaction energy in the CBS limit. We calculate V CBS
BO di-

rectly by solving a set of linear equations obtained by applying
Eq. (12) to the results calculated with the three largest avail-
able values of X : X = 6, 7, 8 for the X 2�+

u and A2�+
g states

where the dXZ(1S) basis sets are used, and X = 5, 6, 7 for
the B2�+

g and C2�+
u states where the dXZ(3S) basis sets are

used. We then estimate the numerical uncertainty of the BO
interaction energy for these states by δVBO = |V 8

BO − V CBS
BO |

and |V 7
BO − V CBS

BO |, respectively.
In the case of fully spin-polarized two-electron triplet and

three-electron quartet systems considered in this paper, the
electronic wave function of the system does not involve sin-
glet electron pairs. Therefore, the energy of the metastable
helium atom, the energies of the molecular quartet states, and,
consequently, the BO interaction energies for these states are
expected to converge faster to the CBS limit with the basis
set’s cardinal number than for the molecular doublet states
[76]. We assume that the basis set truncation error of the
calculated BO interaction energy for the a4�+

u and b4�+
g

states vanishes with the increasing value of X as [75]

V X
BO = V CBS

BO + A′
5

X 5
, (13)

where V X
BO is the BO interaction energy calculated with the

dXZ(3S) basis set and V CBS
BO is the BO interaction energy in

the CBS limit. We calculate V CBS
BO from a two-point formula

that can be derived by applying Eq. (13) to the results obtained
with the two largest values of X in the dXZ(3S) family, X =
6, 7. The numerical uncertainty of the BO interaction energy
for the molecular quartet states is then estimated by δVBO =
|V 7

BO − V CBS
BO |.

We also perform the CBS extrapolations of the adiabatic
correction to the interaction energy and all individual com-
ponents of the relativistic correction in Eq. (3). Additionally,
we extrapolate separately a sum of the mass-velocity and
one-electron Darwin terms:

VCG(R) = VMV(R) + VD1(R), (14)

known as the Cowan-Griffin correction [77]. The one-electron
relativistic corrections are defined through highly singular
operators [see Eqs. (4) and (5)] and require a proper descrip-
tion of the electronic wave function near the electron-nucleus
coalescence points. This requirement is difficult to fulfill in
calculations employing Gaussian basis sets, as the Gaussian
s orbitals do not exhibit a cusp when the electron-nucleus
distance goes to zero. The mass-velocity and one-electron
Darwin corrections usually have opposite signs which al-
lows for partial cancellation of errors when they are summed
together [78]. Therefore, the results obtained from the extrap-
olation of the Cowan-Griffin correction are expected to be
more accurate than the results calculated as a sum of both
components extrapolated separately [66].

For the post-BO corrections we use a common extrapola-
tion function of the form

V X
Y = V CBS

Y + AnY

X nY
, (15)

where Y = ad, MV, D1, D2, OO, or CG. V X
Y represents the

correction Y calculated using basis set with the cardinal num-
ber X , V CBS

Y is the value of this correction in the CBS limit,
and the exponent nY depends on both the correction Y and
the multiplicity of the molecular state. The values of nY are
discussed in Sec. II C. We determine the CBS limits, V CBS

Y ,
from a two-point formula derived by applying Eq. (15) to
the results obtained using basis sets described in Sec. II A
with cardinal numbers X = 5 and 6. We then estimate the
uncertainties of the corrections by δVY = |V 6

Y − V CBS
Y |.

Using the procedure described above, we obtain directly
the extrapolated values of the adiabatic correction and estima-
tions of its uncertainty. By contrast, the final results for the
CBS limit of the relativistic correction are calculated as a sum
of independently extrapolated Cowan-Griffin, two-electron
Darwin, and orbit-orbit corrections, V CBS

rel = V CBS
CG + V CBS

D2 +
V CBS

OO , and the final estimation of the numerical uncertainty of
the relativistic correction is obtained by adding in quadrature
the uncertainties of the components:

δVrel =
√

(δVCG)2 + (δVD2)2 + (δVOO)2. (16)

We perform the CBS extrapolations for all values of the
internuclear distance R for all electronic states separately
to obtain final recommended values of the components of
the total interaction energy, VBO(R), Vad(R), and Vrel(R), to-
gether with their estimated numerical uncertainties, δVBO(R),
δVad(R), and δVrel(R), respectively. Next, we calculate the
considered rovibrational and scattering quantities using a PEC
with the added [V +

int (R)] or subtracted [V −
int (R)] values of the

propagated uncertainty:

V ±
int (R) =VBO(R) + Vrel(R) + Vad(R)

±
√

[δVBO(R)]2 + [δVrel(R)]2 + [δVad(R)]2. (17)

We interpolate the functions V ±
int (R) similarly to Vint(R). The

final value of uncertainty for a given quantity is the absolute
value of the difference between the value of the quantity
calculated with V +

int and V −
int divided by 2.

C. Monomer energies

Determining the uncertainty of molecular electronic struc-
ture calculations is a challenging task [79]. To verify the
accuracy and reliability of our approach to estimating the CBS
limit and numerical uncertainties of the interaction energy,
we apply the procedure described in Sec. II B to the energies
of the monomers. We report the present results and compare
them with previous accurate numerical and analytical results
in Table I.

We extrapolate the BO energy of the singlet and triplet
helium atom assuming the CBS-limit convergence behavior
analogous to Eqs. (12) and (13), respectively. The calcula-
tions for the ground-state singlet helium atom are performed
using the dXZ(1S) family of basis sets with cardinal num-
bers up to X = 8. For the metastable triplet helium atom, we
use the dXZ(3S) family of basis sets with cardinal numbers
up to X = 7. In both cases the numerical uncertainty is es-
timated as a difference between the extrapolated value and
the result calculated with the largest basis set. The present
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TABLE I. The nonrelativistic Born-Oppenheimer energy, EBO, of the monomers He(1S), He∗(3S), and He+(2S); the adiabatic correction,
Ead; and various components of the relativistic correction—EMV, ED1, ECG = EMV + ED1, ED2, and EOO—from the present atomic calculations
compared with the previous, highly accurate, numerical and analytical results reported with 12 exact digits after the decimal point only. All
values are in atomic units.

He(1S) He∗(3S) He+(2S)

EBO −2.903724(110) −2.17522928(73) −1.999999993319
−2.903724377034a −2.175229378236a −2.0b

Ead 0.000419895(54) 0.00029922975(80) 0.000274186775
0.000419888686c 0.000299229761c 0.000274186711b

EMV −0.00071945(52) −0.00055667041(78) −0.000532244084
−0.000720065710c −0.000556949803c −0.000532513545b

ED1 0.000605359(50) 0.000441495752(10) 0.000425741438
0.000605748157c 0.000441775136c 0.000426010836b

ECG −0.00011409(47) −0.00011517466(79) −0.000106502646
−0.000114317553c −0.000115174667c −0.000106502709b

ED2 −0.0000178(14) 0.0
−0.000017790950c 0.0b

EOO −0.000007399(89) −0.00000008672(17)
−0.000007406981c −0.000000086716c

aRef. [80].
bExact analytical value.
cRef. [81].

BO energies show a very good agreement with the previ-
ous highly accurate data from Ref. [80]. Additionally, the
comparison suggests that our estimation of the uncertainty
is too conservative, especially in the case of the singlet he-
lium atom. This is a strong indication that our extrapolation
procedure may provide highly accurate results also in the
more challenging calculations of the molecular BO interaction
energy, assuring at the same time reliable estimations of error
bars.

We also extrapolate the atomic post-BO corrections using
the extrapolation formula analogous to Eq. (15). Following
the approach adopted in Ref. [66], we determine the values
of the exponents nY by fitting the expression A/X nY to the
difference between the corrections calculated using families
of basis sets with increasing cardinal number X , EX

Y , and the
reference atomic values [81]. The adiabatic and relativistic
corrections are calculated with basis sets from the dXZcp and
dXZu series, respectively, of the (1S) type in the case of the
singlet helium atom and the (3S) type for the triplet helium
atom. In the fitting, we use the results obtained with basis
sets with cardinal numbers X � 5. We conclude the following
optimal exponents for the singlet atom: nad = 3, nCG = 1.5,
nD2 = 1, and nOO = 1.5 for the adiabatic, Cowan-Griffin,
two-electron Darwin, and orbit-orbit correction, respectively.
The corresponding exponents for the triplet atom are nad =
5, nCG = 3.5, and nOO = 3.5. For the one-electron rela-
tivistic corrections we take the same exponents as for the
Cowan-Griffin correction, that is, nMV = nD1 = nCG. In the
extrapolations of the post-BO corrections to the molecular
interaction energy, we assume that the same exponents as
for the singlet and triplet helium atom are applicable for the
doublet and quartet molecular states, respectively. Note that
we do not need to extrapolate the two-electron Darwin correc-
tion for the triplet helium atom and quartet molecular states.
For these spin-polarized states, the electronic wave function
is antisymmetric with respect to the interchange of spatial

coordinates of any pair of electrons, so the wave function is
equal to zero when the electrons approach each other and the
two-electron Darwin correction, defined by Eq. (6), vanishes
identically.

In Table I we present the results obtained by applying
our extrapolation procedure, defined by the formula Eq. (15)
with the exponents nY discussed above, for atomic post-
BO corrections. In the extrapolations, we use the values of
a given correction calculated with the two largest cardinal
numbers X available in the appropriate basis set family. The
uncertainty is then estimated as the difference between the
extrapolant and the result calculated using the basis set with
the largest X . In the case of the adiabatic, Cowan-Griffin,
and two-electron relativistic corrections, the previous accu-
rate numerical results from Ref. [81] are always within our
estimated error bars. By contrast, the uncertainties of the
mass-velocity and one-electron Darwin corrections are under-
estimated, even by four orders of magnitude in the case of
ED1 for the triplet helium atom. This observation supports our
decision to extrapolate the sum of the one-electron relativistic
corrections—the Cowan-Griffin correction—rather than each
of them separately.

As the helium ion is a one-electron system where the
electron-correlation effects are absent, its energy and energy
corrections exhibit very fast (exponential) convergence to
the CBS limit with the basis set’s cardinal number [82]. In
Table I, we provide the results for the helium ion obtained with
large basis sets d7Z(3S) (BO energy), d7Zcp(3S) (adiabatic
correction), and d7Zu(3S) (one-electron relativistic correc-
tions), that can be considered as converged. We see that EBO,
Ead, and ECG agree well with the analytical results, the dif-
ferences being of the order of 10−9 Eh or less. Again, the
good agreement of the Cowan-Griffin correction is a result
of error cancellation, as the errors of the individual one-
electron relativistic correction are three orders of magnitude
larger.
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D. Long-range interaction potential

At large internuclear distances, where the magnitude of the
interaction energy becomes smaller and smaller, the relative
accuracy of the supermolecule approach decreases as more
and more significant digits cancel out when the energies of
atom and ion are subtracted from the dimer energy. However,
the interaction energy in this range may be crucial for the
ultracold collisional properties of the system. Thus, we
connect the calculated short- and intermediate-range PECs
with the long-range form of the interaction energy, which for
the S-state atom and the S-state ion is given by

Vint(R) = −
∞∑

n=4

Cn

Rn
, (18)

where the n = 5 term is absent and Cn are the asymptotic
coefficients. To assure qualitatively correct description of the
long-range part of the interaction energy, we can restrict our-
selves only to the asymptotic expansion of its dominant, BO
part. This is sufficient, as the post-BO corrections are about
four orders of magnitude smaller—the adiabatic correction
being of the order of the electron-to-nucleus mass ratio and the
relativistic correction of the order α2. What is more important,
unlike in the case of the interaction between two neutral S-
state atoms, the post-BO corrections in the atom-ion system
do not introduce terms vanishing like powers of 1/R other than
that already present in the expansion of the BO energy [83,84].

In our representation of the long-range expansion of the
BO interaction energy, we include all effects from the polar-
ization perturbation theory that give rise to terms vanishing
with the distance as 1/R9 or slower. The Cn coefficients with
n � 9 can then be represented as a sum of three parts of
different physical origin:

Cn = Cind
n + Cdisp

n + Cind-disp
n , (19)

where the −Cind
n /Rn terms describe up to fourth-order induc-

tion effects coming from the electrostatic interaction between
the charge of the ion and the induced electric multipole
moments of the atom, the −Cdisp

n /Rn terms describe the
second-order dispersive interaction between instantaneous
multipole-induced multipole moments of the ion and the atom
stemming from quantum fluctuations, and the −Cind-disp

n /Rn

terms describe the third-order interaction of a mixed type.
Specifically, we obtain the induction coefficients using prop-
erties of the monomers as Cind

4 = q2α1

2 , Cind
6 = q2α2

2 , Cind
7 =

− q3β112

2 , Cind
8 = q2α3

2 + q4γ1111

24 , and Cind
9 = −q3β123 − q3β222

6 ,
where q = 1 is the charge of the helium ion, αl are the 2l -
pole polarizabilities, βl1l2l3 are the first hyperpolarizabilities,
and γl1l2l3l4 are the second hyperpolarizabilities of the helium
atom. The C4 and C7 asymptotic coefficients comprise only
the induction part. The only nonzero dispersion coefficients
are Cdisp

6 and Cdisp
8 , and the only nonzero induction-dispersion

coefficient is Cind-disp
9 .

Table II presents calculated values of the 2l -pole polar-
izabilities and the first and second hyperpolarizabilities of
He in the 1S and 3S states, as well as the calculated val-
ues of the dispersion and induction-dispersion coefficients.
The calculations are performed using the sum-over-states for-
mulas involving electric-multipole transition moment matrix

TABLE II. The static 2l -pole polarizabilities (αl ) and the first
(βl1l2 l3 ) and second (γl1l2 l3l4 ) hyperpolarizabilities of the He atom
in the 1S and 3S state. Also shown are the second-order dispersion
(Cdisp

6 , Cdisp
8 ) and third-order induction-dispersion (Cind-disp

9 ) asymp-
totic coefficients for the He atom in the 1S and 3S states interacting
with the ground-state He+ ion. All values are in atomic units.

He(1S) He∗(3S)

α1 1.3832 315.619
1.38319217440a 315.631468b

α2 2.4451 2707.48
2.445083101a 2707.8773b

α3 10.6138 88271.9
10.6203286a 88377.3253b

β112 −7.327 −1.601×105

−7.327c

β123 −30.47 −2.943×106

β222 −17.94 −1.316×106

γ1111 42.98 −5.790×106

43.10c

He(1S) + He+(2S) He∗(3S) + He+(2S)
Cdisp

6 0.3745 6.079
0.3743d

Cdisp
8 2.714 348.2

2.712d

Cind-disp
9 4.382 11450

aRef. [85].
bRef. [86].
cRef. [87].
dRef. [88].

elements between the electronic ground and excited states of
the monomers described at the FCI level of theory. In the
calculations of the atomic (hyper)polarizabilities, we use the
dXZ(1S) and dXZ(3S) family of basis sets for the singlet and
triplet helium atom, respectively. In the calculations of the
dispersion and induction-dispersion coefficients, the basis set
for the helium ion is the same as the basis set for the helium
atom the ion interacts with. The present values agree well with
available previous results [85–88]. The very accurate 2l -pole
polarizabilities of the singlet and triplet helium atom taken
from Refs. [85] and [86], respectively, are used in the final
calculation of the induction coefficients Cind

n .
We connect the spline-interpolated potentials from Eq. (2)

and the long-range functions from Eq. (18) at R = 47.5 a0,
where the differences between them are numerically neg-
ligible for all electronic states. We also confirmed the
convergence of the scattering parameters (i.e., the scattering
lengths) with regard to the position of the connection.

E. Nuclear dynamics calculations

The collisional properties of the system are described by
the radial part, χ (R), of the total wave function within the
partial-wave decomposition. We obtain χ (R) by solving the
nuclear Schrödinger equation in the adiabatic approximation[

− h̄2

2μ

d2

dR2
+ h̄2J (J + 1)

2μR2
+ Vint(R)

]
χ (R) = Enu χ (R),

(20)
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where J is the rotational quantum number and μ is the reduced
mass of the system calculated using the atomic, rather than
nuclear, masses of the helium isotopes to account for the
leading, nonadiabatic effects. For Enu > 0 the function χ (R)
represents the scattering state describing the motion of nuclei
on the electronic interaction potential Vint(R). In this case
Enu is the relative collision energy of the ion-atom system
(denoted Ecol). For Enu < 0 the function χ (R) becomes the
radial wave function of the bound rovibrational state of the
molecule and Enu becomes the binding energy, denoted Eν,J ,
where ν is the vibrational quantum number.

To find the scattering wave function, we solve Eq. (20)
using the renormalized Numerov propagator [89]. We impose
the long-range scattering boundary conditions on χ (R) in
terms of the Bessel and von Neumann functions. We then
calculate the K reactance matrix which gives the scattering S
matrix. We evaluate the scattering length a from the S matrix
which in the s-wave regime (J = 0) is given by

a = 1

ik

1 − S00

1 + S00
, (21)

where k = √
2μEcol/h̄ is the wave number of the scattering

state and S00 is a diagonal matrix element of the S matrix. We
set the collision energy Ecol at 10−10 K.

To find the bound eigenstates, we employ the discrete
variable representation (DVR) method [90] based on finding
eigenvalues of the shifted inverse or Green-function operator.
We calculate the bound-state nuclear wave functions and the
binding energies for a given molecular state potential Vint(R)
which are parametrized by the quantum numbers ν and J . We
use a logarithmic grid function and a grid of 3000 values of R
ranging from R0 = 0.5 a0 to R f = 104 a0.

The control of collisions can be realized by tuning the in-
teraction strength using Feshbach resonances once the s-wave
scattering regime is reached [31]. For the ion-atom systems,
the collisional energy needed to reach the s-wave regime is at
least two orders of magnitude smaller than in neutral systems
due to lower values of the characteristic energy of interaction,

E4 = h̄2

2μR2
4
, where R4 =

√
2μC4

h̄2 is the characteristic length of
interaction [34]. R4 typically establishes the order of magni-
tude of the scattering length. Light systems, like He+

2 , have
higher values of E4 and are therefore promising for easier
reaching of the s-wave regime.

F. Spectroscopic parameters

We perform a detailed analysis of the rovibrational struc-
ture of the He+

2 molecular ion. We calculate the molecular
spectroscopic constants by fitting the following expansion to
the obtained rovibrational energies:

Eν,J = ωe
(
ν + 1

2

) − ωexe
(
ν + 1

2

)2

+ ωeye
(
ν + 1

2

)3 + ωeze
(
ν + 1

2

)4

+ Be[J (J + 1)] − αe
(
ν + 1

2

)
[J (J + 1)]

+ γe
(
ν + 1

2

)2
[J (J + 1)]

− De[J (J + 1)]2 + βe
(
ν + 1

2

)
[J (J + 1)]2

+ He[J (J + 1)]3 − De, (22)

FIG. 1. The nonrelativistic Born-Oppenheimer potential-energy
curves of the He+

2 molecular ion in the (a) ground and first-excited
and (b) higher-excited electronic states.

where ν and J are the vibrational and rotational quantum
numbers, respectively; ωe is the harmonic constant; ωexe,
ωeye, and ωeze are the anharmonicity constants. We include
the dependence of the rotational constant Bν on the vibrational
quantum number:

Bν = Be − αe
(
ν + 1

2

) + γe
(
ν + 1

2

)2
, (23)

where Be is the rotational constant at the equilibrium distance,
and αe and γe are the first- and second-order vibration-rotation
interaction constants, respectively. We also include higher-
order rotational constants and their vibrational dependence,
i.e., the first- and second-order centrifugal distortion constants
De and He, and the centrifugal-vibration interaction constant
βe.

The change of the equilibrium rotational constants caused
by nonadiabatic effects �Be is estimated by [91]

�Be = me

mp
gBe, (24)

where me
mp

is the electron-to-proton mass ratio, and g is the rota-
tional g factor, which is computed using the natural connection
and London orbitals [92] implemented in the DALTON 2020
program [62]. The computations of g employ the electronic
wave function obtained with the FCI method and doubly
augmented correlation consistent quadruple-zeta basis set d-
aug-cc-pVQZ [93].

III. NUMERICAL RESULTS AND DISCUSSION

A. Potential-energy curves

Figure 1 presents the calculated PECs for the X 2�+
u ,

A2�+
g , a4�+

u , B2�+
g , C2�+

u , and b4�+
g molecular electronic
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FIG. 2. The asymptotics of the potential-energy curves of the
He2

+ molecular ion: the scaled interaction energy of the (a) ground
and first-excited and (b) higher-excited molecular electronic states.
Note the different scales in panels (a) and (b).

states of the He+
2 molecular ion listed in the order of in-

creasing energy. We set the asymptotic energy to zero for the
higher-excited (a4�+

u –b4�+
g ) molecular states resulting from

the He+(2S)+He∗(3S) combination of interest. The positions
of the minima on PECs for the higher-excited electronic states
are at larger distances as compared with the position of the
minimum for the ground state. This results from a larger van
der Waals radius and larger atomic polarizability of the helium
atom in the triplet excited state as compared with the proper-
ties of the helium atom in the singlet ground state. The three
higher-excited electronic states (a4�+

u , B2�+
g , and C2�+

u ) are
relatively deeply bound but half as deep as the ground X 2�+

u
state. The b4�+

g state is weakly bound, however deeper than
the first-excited A2�+

g state, which is very weakly bound.
The long-range behavior of the calculated PECs is ana-

lyzed in Fig. 2, where we present the interaction energies
multiplied by R4, at large internuclear distances. The curves
labeled as “asymptotics” are given by the long-range ex-
pansion from Eq. (18), also multiplied by R4, and differ
from the constant line, specified by the C4 coefficients, due
to the presence of higher-order polarization terms. Figure 2
shows a good agreement of the molecular calculations at
large distances with the long-range expansion of the inter-
action potentials obtained independently from atomic data.
At the intermediate range, the calculated curves diverge from
the asymptotic expansions in a systematic way given by the
electronic exchange interaction, which is the largest for the
quartet states. The long-range interactions are much stronger
in the higher-excited electronic states than in the ground and
first-excited states because the polarizability of the helium
atom in the triplet state is two orders of magnitude larger

FIG. 3. The (a) adiabatic and (b) relativistic corrections to the
interaction energy of the He+

2 molecular ion in the ground and excited
electronic states. The points indicate values for equilibrium distances
of the corresponding potential-energy curves.

than in the singlet state. For the same reason, the higher-order
polarization terms and exchange effects are important at larger
distances in the excited asymptote, He+(2S) + He∗(3S), as
compared with the ground one, He+(2S) + He(1S).

Figure 3 presents the calculated adiabatic and relativistic
corrections to the PECs. Both corrections have values of the
same order of magnitude, but they have opposite signs and
partially cancel out. Thus, the final uncertainties of our PECs
may be slightly overestimated due to the cancellation of errors
after including both corrections. Additionally, Fig. 4 shows
the calculated Cowan-Griffin, two-electron Darwin, and orbit-
orbit components of the relativistic corrections. As discussed
in Sec. II C, the VD2(R) terms are identically equal to zero for
the quartet states. Table III presents the values of the adiabatic
and relativistic corrections and different components of the
relativistic correction at respective equilibrium distances, Re,
of different molecular electronic states. The mass-velocity and
one-electron Darwin terms have opposite signs and partially
cancel out, resulting in the Cowan-Griffin correction of the
order of the two-electron Darwin and orbit-orbit components.
The ground X 2�+

u state has the largest value of the adiabatic
correction while three deeply bound higher-excited states have
the largest values of the relativistic contribution at Re among
the studied molecular electronic states. Our values of the rel-
ativistic corrections to the total energy of the X 2�+

u state near
its equilibrium distance agree well, up to around 0.1 cm−1,
with previous, accurate results from Ref. [23].

Both adiabatic and relativistic corrections have values
of the order of the uncertainties of our nonrelativistic
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TABLE III. The adiabatic Vad and relativistic Vrel corrections and the mass-velocity VMV, one-electron Darwin VD1, Cowan-Griffin VCG,
two-electron Darwin VD2, and orbit-orbit VOO components of the relativistic correction (in cm−1) at the respective equilibrium distances Re for
the He+

2 molecular ion in the ground and excited electronic states.

State Vad(Re) Vrel(Re) VMV(Re) VD1(Re) VCG(Re) VD2(Re) VOO(Re)

X 2�+
u −2.129(2) −0.085(29) −3.983(4) 3.691(10) −0.291(6) −0.41(3) 0.615(4)

A2�+
g −0.0022563(7) 0.002270(9) 0.00632(3) −0.00482(2) 0.001491(7) 0.000218(5) 0.0005616(15)

a4�+
u −0.541(2) 0.4039(10) 0.9174(5) −0.7823(13) 0.1351(9) 0 0.2689(4)

B2�+
g −0.071(3) 0.423(7) 1.1191(11) −0.766(3) 0.354(4) −0.065(5) 0.1353(4)

C2�+
u 0.593(3) 0.553(16) 1.710(7) −0.872(2) 0.839(9) −0.193(14) −0.0924(8)

b4�+
g −0.05045(2) 0.03740(2) 0.101192(8) −0.07116(3) 0.03004(2) 0 0.007367(6)

Born-Oppenheimer PECs. Their inclusion allows us, how-
ever, to evaluate their impact on vibrational and scattering
properties and estimate the theory improvement needed to
match the accuracy of possible spectroscopic measurements
and scattering experiments.

FIG. 4. The (a) Cowan-Griffin, (b) two-electron Darwin, and
(c) orbit-orbit components of the relativistic correction for the He+

2

molecular ion in the ground and excited electronic states. The
points indicate values for equilibrium distances of the corresponding
potential-energy curves.

We estimate the quantum electrodynamics corrections to
the interaction energy and get VQED,1(R)/VD1(R) = 0.038
for He+(2S) + He(1S), and VQED,1(R)/VD1(R) = 0.0378 and
VQED,2(R)/VD2(R) = 0.0396 for He+(2S) + He∗(3S). Includ-
ing all post–Breit-Pauli corrections is therefore unnecessary
at the intended level of accuracy, because their contribution
to the interaction energy is a small fraction of the relativistic
correction and final PEC uncertainty. Our estimates show,
however, that reducing the uncertainties of leading nonrela-
tivistic and relativistic calculations below 4% of the Darwin
corrections (below around 0.1 cm−1) will require including
the QED corrections and will allow probing the accuracy
and completeness of theory by comparing with spectroscopic
measurements of the excited electronic states of He+

2 .
Finally, Table IV presents the equilibrium bond lengths Re,

the potential well depths De, and the harmonic constants ωe of
the calculated PECs at different levels of theory for the 4He+

2
molecular ion in the ground and excited electronic states. We
also report the dissociation energies D0 of the lowest rovi-
brational states v = 0, J = 0. Our calculations for the ground
X 2�+

u state are in good agreement with previous, accurate
numerical results from Ref. [20]. This may suggest that we
have achieved similar accuracy for our higher-excited states,
where uncertainties are in the same order of magnitude as for
the ground state. Our molecular BO energies EHeHe+

BO (R) of the
X 2�+

u electronic state also agree well, up to around 0.1 cm−1,
with previous, accurate results from Ref. [23]. Finally, the
parameters of our PECs agree well with other less accurate
calculations for the X 2�+

u , A2�+
g , B2�+

g , and C2�+
u elec-

tronic states [94–103]. The overall agreement of our results
with previous data and the minimal effect of the adiabatic and
relativistic corrections on spectroscopic constants may indi-
cate that we have conservatively estimated (overestimated) the
uncertainties of our calculations.

B. Electric dipole transition moments

Figure 5(a) presents the electric dipole transition moments
for the allowed spin-conserving transitions between the dou-
blet electronic states of the He+

2 molecular ion belonging
to the two lowest dissociation asymptotes. These transition
moments asymptotically decrease to zero in the nonrela-
tivistic picture, but their short-range variation may drive the
spontaneous interaction-induced deexcitation of a metastable
He∗(3S) atom colliding with a He+(2S) ion, being a limiting
factor for the experimental observation and application of
such mixtures in the ultracold regime. The C2�+

u ← A2�+
g
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JACEK GȨBALA et al. PHYSICAL REVIEW A 108, 052821 (2023)

TABLE IV. Spectroscopic characteristics of the He+
2 molecular ion in the ground and excited electronic states: equilibrium bond lengths

Re, well depths De, harmonic constants ωe, and dissociation energies D0 for the 4He+
2 isotopologue.

State Potential Re (a0) De (cm−1) ωe (cm−1) D0 (cm−1)

He+(2S)+He(1S)
X 2�+

u VBO 2.0421(1) 19954.8(5.0) 1696.8(2) 19114.2(4.9)
VBO + Vrel 2.0411(1) 19954.8(5.0) 1696.8(2) 19114.2(4.9)

VBO + Vrel + Vad 2.0421(1) 19957.0(5.0) 1696.9(2) 19116.4(4.9)
theor.a 2.0422 19956.7 1695.28 19116.2

A2�+
g VBO 8.7198(7) 17.367(5) 23.16(1) 8.077(3)

VBO + Vrel 8.7197(7) 17.364(5) 23.16(1) 8.075(3)
VBO + Vrel + Vad 8.7204(7) 17.367(5) 23.16(1) 8.077(3)

theor.b 8.749 17.382
theor.c 8.718 17.516 8.185

He+(2S)+He∗(3S)
a4�+

u VBO 6.4699(3) 10873.7(3.0) 315.8(1) 10716.3(3.1)
VBO + Vrel 6.4698(3) 10873.3(3.0) 315.8(1) 10715.9(3.1)

VBO + Vrel + Vad 6.4704(3) 10873.9(3.0) 315.7(1) 10716.5(3.1)
B2�+

g VBO 6.8367(7) 9167.5(6.6) 295.5(3) 9020.3(6.9)
VBO + Vrel 6.8365(7) 9167.0(6.6) 295.5(3) 9019.9(6.9)

VBO + Vrel + Vad 6.8373(7) 9167.1(6.6) 295.5(3) 9020.0(6.9)
theor.c 6.837 9172.316 9024.9

C2�+
u VBO 7.565(3) 5696.8(9.8) 259.1(2.2) 5570(10)

VBO + Vrel 7.565(3) 5696.2(9.8) 259.1(2.2) 5570(10)
VBO + Vrel + Vad 7.566(3) 5695.7(9.9) 259.1(2.2) 5570(10)

theor.d 7.559 5699.4
b4�+

g VBO 19.4137(2) 143.72(1) 25.588(2) 131.32(1)
VBO + Vrel 19.4135(2) 143.68(1) 25.586(2) 131.28(1)

VBO + Vrel + Vad 19.4146(2) 143.73(1) 25.588(2) 131.28(1)

aSpectroscopic constants calculated using the accurate PEC from Ref. [20], which included only the adiabatic corrections.
bSpectroscopic constants taken from Ref. [94].
cSpectroscopic constants taken from Ref. [95].
dSpectroscopic constants taken from Ref. [96].

transition moment is larger than the B2�+
g ← X 2�+

u one,
which means that deexcitation from the C2�+

u channel may
be faster. The transitions occur at short distances, where the
amplitude of the scattering wave function is small at ultralow
temperatures, which may restrict the rate of this process. De-
tailed scattering calculations are, however, out of the scope of
this paper.

Figure 5(b) presents the electric dipole transition moments
for the allowed spin-conserving transitions between the dou-
blet or quartet electronic states of the He+

2 molecular ion
belonging to the same dissociation asymptotes. They govern
transitions between bound rovibrational states. For homonu-
clear molecules, such transition dipole moments diverge with
the internuclear distance and tend asymptotically to the R/2
dependence. The deviation from the asymptotic behavior is
significantly more pronounced for the higher-excited elec-
tronic states.

The lowest a4�+
u quartet state is stable in the nonrela-

tivistic picture, and the decay of the quartet states into the
lower doublet molecular states is, in principle, forbidden. The
related 3S ← 1S transition for neutral helium is of the M1
type. It is only allowed at α3 order of perturbation theory [104]
(leading quantum electrodynamics effects), and it is forbidden
both at the nonrelativistic and leading relativistic levels. The
relativistic effects usually are more pronounced at shorter

distances and may mix the doublet and quartet electronic
states. However, we numerically check that the electric dipole
transition moments between the doublet and quartet states are
negligible in relativistic calculations with the Dirac-Coulomb
Hamiltonian. Thus, the studied quartet states are metastable.

C. Rovibrational structure and spectroscopic constants

The complete lists of all calculated rovibrational energies
for the three stable isotopologues of the He+

2 molecular ion
in the ground and excited electronic states are collected in
Supplemental Material [65]. Table V collects the selected
rotational and vibrational transition energies obtained as a dif-
ference between calculated rovibrational energies. We neglect
restrictions and selection rules imposed on possible transitions
by the bosonic and fermionic symmetries. Our results for the
ground electronic state show a good agreement with the pre-
vious experimental [22,105] and theoretical [23,106] values
within the numerical uncertainties, which indicates that our
rovibrational and transition energies should also have similar
accuracy for the excited electronic states. The present results
agree well with older experimental and theoretical results
[107–111], too.

Table VI presents the numbers of vibrational bound states
(rovibrational levels for J = 0), the total numbers of rovi-
brational levels, and the rotational quantum numbers of the
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TABLE V. The selected transition energies ν̂νJ→ν′J ′ (in cm−1) between the rovibrational levels of the He+
2 molecular ion in the ground and

excited electronic states.

State Isotopologue ν̂00→10 ν̂00→20 ν̂00→02 ν̂00→04 ν̂01→03 ν̂01→05

He+(2S)+He(1S)
X 2�+

u
4He 4He+ 1628.4(2) 3186.5(4) 42.587(5) 141.81(2) 70.937(8) 198.36(2)

70.93759(6)a 198.3647(8)b

1628.381(3)c 70.9377(1)c 198.364(1)c

3He 4He+ 1750.6(2) 3419.4(5) 49.486(5) 164.76(2) 82.421(9) 230.42(2)
1750.5554(9)d

3He 3He+ 1863.6(2) 3634.0(5) 56.371(6) 187.65(2) 93.879(10) 262.40(3)
A2�+

g
4He 4He+ 7.285(2) 8.077(3) 1.8069(3) 5.764(1) 2.9428(5)
3He 4He+ 6.999(2) 2.0423(4) 6.418(1) 3.3035(6)
3He 3He+ 6.690(2) 7.034(3) 2.2636(4) 6.972(1) 3.6316(7)

He+(2S)+He(3S)
a4�+

u
4He 4He+ 311.1(1) 617.5(3) 4.2814(4) 14.267(2) 7.1344(8) 19.969(2)
3He 4He+ 335.1(2) 664.9(4) 4.9787(5) 16.590(2) 8.2962(9) 23.219(2)
3He 3He+ 357.5(2) 708.9(4) 5.6754(6) 18.911(2) 9.457(1) 26.466(3)

B2�+
g

4He 4He+ 290.6(7) 576.7(1.5) 3.8339(1) 12.7761(4) 6.3888(2) 17.8825(5)
3He 4He+ 313.1(7) 620.9(1.7) 4.4582(2) 14.8562(7) 7.4291(3) 20.7931(10)
3He 3He+ 334.0(8) 662.0(1.8) 5.0821(3) 16.934(1) 8.4684(5) 23.701(1)

C2�+
u

4He 4He+ 255.5(1.5) 507.6(2.4) 3.132(2) 10.437(8) 5.219(4) 14.61(1)
3He 4He+ 275.3(1.6) 546.6(2.4) 3.642(3) 12.137(10) 6.069(5) 16.99(1)
3He 3He+ 293.8(1.6) 582.9(2.4) 4.152(3) 13.83(1) 6.918(5) 19.36(2)

b4�+
g

4He 4He+ 22.873(2) 43.163(3) 0.46433(1) 1.54687(4) 0.77363(2) 2.16452(6)
3He 4He+ 24.454(2) 45.906(3) 0.53899(1) 1.79539(5) 0.89796(2) 2.51205(7)
3He 3He+ 25.898(2) 48.378(3) 0.61338(2) 2.04297(6) 1.02183(3) 2.85820(8)

aExperimental value from Ref. [22].
bExperimental value from Ref. [105].
cTheoretical value from Ref. [23].
dTheoretical value from Ref. [106].

last weakly bound rovibrational level calculated for all sta-
ble isotopologues of the He+

2 molecular ion in the ground
and excited electronic states. The number of bound states
correlates with the well depth and volume of the PEC,
where the first-excited weakly bound electronic state supports
just a few levels and higher-excited deeply-bound electronic
states support a much larger number of rovibrational levels
than the ground state because of their larger volumes and
despite their smaller well depths. We find that the num-
ber of vibrational states for J = 0 is well converged for
all isotopologues of He+

2 , which is necessary to calculate
scattering lengths with controlled uncertainties in the next
subsection.

Table VII collects the spectroscopic constants of the He+
2

molecular ion in the ground and excited electronic states cal-
culated by fitting the expression in Eq. (22) to the energies of
rovibrational levels. The presented uncertainties account for
both the uncertainty of underlying PECs and the statistical
uncertainty of fitting procedure. Considering a large number
of calculated bound states, we use the leave-one-out cross-
validation (LOOCV) method to determine the number of
rovibrational eigenvalues we should use to fit the expression
in Eq. (22). We perform fits using a set of rovibrational en-
ergies Eν,J , such that ν < ν̃ and J < J̃ for some constraining
values ν̃ and J̃ . The LOOCV method allows us to find the
optimal values ν̃ and J̃ . We successively remove one value

TABLE VI. The numbers of vibrational levels for J = 0, Nν,J=0; the numbers of all rovibrational levels, Nν,J ; and the rotational numbers,
Jmax, of the last weakly bound rovibrational level of the He+

2 molecular ion in the ground and excited electronic states.

4He 4He+ 3He 4He+ 3He 3He+

State Nν,J=0 Nν,J Jmax Nν,J=0 Nν,J Jmax Nν,J=0 Nν,J Jmax

X 2�+
u 25 832 58 23 710 53 22 626 50

A2�+
g 3 9 4 2 7 4 2 7 4

a4�+
u 74 5885(1) 148 69 5061(4) 137 65 4433(1) 128

B2�+
g 68 4953(4) 139 63 4259(4) 129 59 3732(4) 120

C2�+
u 52 2833(4) 113 48 2429(3) 105(1) 45 2130(3) 98

b4�+
g 19 407 42 18 350 39 16 306(1) 36

052821-11
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FIG. 5. The spin-conserving transition electric dipole moments
between electronic states of the He+

2 molecular ion belonging to
(a) two different dissociation asymptotes and (b) the same dissoci-
ation threshold.

from this set, fit, and then calculate the LOOCV parameter,
i.e., the accumulated error between the energies from the fit
and the energies from DVR, as defined by the LOOCV method
[112,113]. We minimize the value of the LOOCV parameter
across many sets of eigenvalues. We determine that the lowest

value of the LOOCV parameter is for J̃ = 3 and ν̃ = 4 for all
molecular electronic states. We omit the spectroscopic coeffi-
cients for the A2�+

g state, because its shallow PEC supports
only three vibrational levels for 4He+

2 . Our fit of the expres-
sion in Eq. (22) shows the best agreement with Fit 2 from
Ref. [106]. Fit 2 assumes the precise value of ωexe = 41.1
taken from Ref. [114] and neglects the parameter βe. Values
from Fit 2 are presented for comparison in Tables V and VII.
The slight differences between our results and the previous
values in Table VII likely stem from the different number of
spectroscopic constants used in the fitted expansion, where
the authors of Ref. [106] neglected higher vibrational terms.
Additionally, Ref. [106] includes the nonadiabatic effects,
which are missing in our computations. We estimate that
the nonadiabatic effects given by Eq. (24) increase the rota-
tional constant by 7.4 × 10−3 and 9.5 × 10−3% for X 2�+

u and
a4�+

u , respectively.

D. Scattering lengths

Accurate PECs are necessary for predicting collisional
properties at ultralow temperatures. The most important pa-
rameter for ultracold physics experiments is the s-wave
scattering length, which almost fully characterizes scattering
in the ultracold regime but is highly sensitive to the accuracy
of the PEC volume and especially to the position of the last
weakly bound state [31]. Table VIII collects the scattering
lengths calculated for He+ + He collisions in the ground and
excited molecular electronic states for three isotopic com-
binations (neglecting nuclear spins and hyperfine couplings)
using our PECs with and without relativistic and adiabatic
corrections. The relativistic and adiabatic corrections have
little, but not negligible, effect on the scattering lengths. The

TABLE VIII. Scattering lengths (in a0) for collisions of a He+ ion and a He atom in the ground and excited molecular electronic states.

State Potential 4He 4He+ 3He
4

He+ 3He 3He+

He+(2S)+He(1S)
X 2�+

u VBO −8.1(7) −45.1(8) 85.1(1.4)
VBO + Vrel −7.9(7) −44.9(8) 85.4(1.4)

VBO + Vrel + Vad −8.6(7) −45.8(9) 83.9(1.7)
theor.a −8.7 −46.1 83.3

A2�+
g VBO 328.4(1.1) −142.9(3) −43.76(6)

VBO + Vrel 329.3(1.2) −142.6(3) −43.70(4)
VBO + Vrel + Vad 327.8(1.1) −142.9(3) −43.79(1)

He+(2S)+He∗(3S)
a4�+

u VBO −5500(800) 30(30) 3500(300)
VBO + Vrel −5000(700) 50(30) 3700(400)

VBO + Vrel + Vad −5900(900) 20(30) 3300(400)
B2�+

g VBO 360(90) 230(70) 290(70)
VBO + Vrel 370(90) 250(80) 300(70)

VBO + Vrel + Vad 350(90) 230(80) 280(70)
C2�+

u VBO 1900(600) 400(100) 600(200)
VBO + Vrel 2000(600) 400(100) 600(200)

VBO + Vrel + Vad 1900(600) 400(100) 600(200)
b4�+

g VBO 87.5(1.6) 4290(30) −4740(30)
VBO + Vrel 93.2(1.6) 4390(30) −4630(30)

VBO + Vrel + Vad 84.9(1.7) 4250(40) −4800(90)

aScattering lengths calculated using a PEC from Ref. [20].
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FIG. 6. The scattering lengths as a function of the reduced mass
for the He+ + He collisions in the (a) X 2�+

u and A2�+
g , (b) a4�+

u

and b4�+
g , and (c) B2�+

g and C2�+
u molecular electronic states. The

points indicate the values for the 3He 3He+, 3He 4He+, and 4He 4He+

isotopologues. The shaded areas (in some cases smaller than the
linewidth) represent the uncertainties of the scattering lengths result-
ing from the uncertainties of the used PECs.

accuracy of our PECs is high enough to provide the scattering
lengths with reasonable uncertainties. Our scattering length
for the X 2�+

u state agrees well with the value derived from
the previous accurate PEC [20].

The order of magnitude of the scattering lengths can be
estimated by the characteristic lengths of interaction, which
are R4 = 71.0 a0 for 4He+(2S)+ 4He(1S) and R∗

4 = 1073.1 a0

for 4He+(2S)+ 4He∗(3S). Consequently, several values of the
scattering lengths for the higher-excited molecular states are
larger than the ones for the ground and first-excited state.
In quantum few- and many-body physics, positive and neg-
ative signs of the scattering length (both possible for He+ +
He∗ collisions) can be related to the repulsive and attractive

effective interactions. The largest scattering length is for the
4He+(2S)+ 4He∗(3S) collisions in the a4�+

u electronic state,
where it is 5.5 times larger than the characteristic length of
interaction.

The relationship between scattering length, reduced mass,
number of bound states, and PEC accuracy can be seen in
Fig. 6, where the scattering lengths for the studied elec-
tronic states are plotted as a function of the reduced mass.
Faster variation with the reduced mass is visible for deeper
PECs supporting larger number of bound states. Large values
of some scattering lengths (and their uncertainties) can be
explained by the proximity of scattering resonances, which
appear when a new vibrational bound state emerges. Large
positive scattering lengths are related to the existence of a very
weakly bound vibrational level just below the dissociation
limit.

IV. SUMMARY AND CONCLUSIONS

We have used state-of-the-art ab initio electronic structure
methods to calculate the potential-energy curves, including
the adiabatic and relativistic corrections, for the He+

2 molec-
ular ion in the ground and excited electronic states. We have
focused primarily on the higher-excited molecular states re-
sulting from the interaction between a ground-state He+(2S)
ion and a lowest-metastable-state He∗(3S) atom, relevant for
proposed cold hybrid ion-atom experiments. The uncertainties
of our numerical results have been carefully estimated. We
have also reported the transition electric dipole moments. The
PECs have been used to calculate and analyze the complete
rovibrational structures and spectroscopic constants of three
stable isotopologues of the He+

2 molecular ion. The accuracy
of our PECs has been high enough to predict and analyze the
scattering lengths with controlled and reasonably small uncer-
tainties. Our results for the ground electronic state agree well
with previous accurate theoretical and experimental data. The
presented numerical approach and analysis can be applied to
other three-electron molecular systems such as LiH+, He+ +
H2, or H3. The calculated potential-energy curves, transition
dipole moments, and rovibrational energies in a numerical
form are collected in the Supplemental Material [65].

The reported electronic structure data will be employed in
multichannel quantum scattering calculations, including the
hyperfine structure, to describe ultracold He+(2S)+He∗(3S)
collisions. On the one hand, the rate consonants for
interaction- and collision-induced spontaneous deexcitation of
metastable atoms and formation of ground-state He+

2 molec-
ular ions can be obtained with the calculated potential-energy
curves and transition electric dipole moments. On the other
hand, the positions and widths of magnetically tunable Fesh-
bach resonances in ultracold He+(2S)+He∗(3S) mixtures can
be predicted to evaluate prospects for their application in
quantum physics and chemistry experiments. The presented
data can also be used to calculate the radiative lifetimes and
absorption spectra of the He+

2 molecular ions.
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APPENDIX: ADIABATIC CORRECTION
FOR DIATOMIC SYSTEMS

Let us consider a diatomic system AB composed of two
monomers (atoms or ions) with nuclei with mass mI located
at positions specified by vectors rI , where I = A, B. The adi-
abatic correction for the molecule, defined as the expectation
value of the nuclear kinetic-energy operator calculated with
the Born-Oppenheimer electronic wave function of the system
�, may be rewritten in the nuclear-center-of-mass coordinate
frame as (in atomic units)

Ead(R) = 1

2μn
〈∇R�|∇R�〉 + 1

2Mn
〈�|P2|�〉, (A1)

where μn is the reduced mass of the nuclei, Mn is the total
mass of the nuclei, R = rB − rA is the vector joining the
nuclei, and P is the total electronic momentum operator,
where P = ∑

i pi with pi being the momentum operator of
electron i.

To avoid explicit differentiation of the molecular wave
function � with respect to R, we obtain ∇R� by solving the
equation [55]

(Hel(R) − EBO(R))∇R� = −[∇R, Hel(R)]�, (A2)

where Hel(R) is the clamped-nuclei electronic Hamiltonian
of the molecule with nuclei separated by the distance R, and
EBO(R) is the electronic BO energy for the molecular state. We
construct the right-hand side of Eq. (A2) with the molecular
wave function � from the FCI calculations. We then obtain
the solution by representing ∇R� as a separate FCI expansion

and solving the set of linear equations for the unknown CI
coefficients. Calculation of the second term in Eq. (A1) is
straightforward, as it is the expectation value of an operator
that depends only on electronic coordinates.

The method presented above is exact only if the set of one-
electron basis functions used to construct Slater determinants
is complete. If the one-electron basis set is incomplete, the
effect of neglecting derivatives of basis functions with respect
to coordinates of the nucleus they are centered on may be
significant. This problem can be alleviated by extending the
basis set by adding functions that are derivatives of the func-
tions already present in this set. For example, in the present
calculations for the He+

2 system, we found that it is sufficient
to augment the orbital basis sets by p functions obtained
by taking the nuclear gradient of the contracted s functions
representing occupied Hartree-Fock orbitals of helium.

Calculations of the adiabatic correction to the interaction
energy, Vad(R), performed using incomplete basis sets require
also a specific definition of the adiabatic corrections for the
monomers. To assure that Vad(R) vanishes to zero when R →
∞, the correction for monomer I = A, B has to be calculated
from the formula

EI
ad = t

2mI

〈∇rI �
I
∣∣∇rI �

I
〉 + 1 − t

2mI
〈�I |(PI )2|�I〉, (A3)

where t = μn/mI , �I is the wave function, and PI is the
total electronic momentum operator for the monomer I . Ex-
plicit differentiation of �I with respect to the position of
the nucleus, rI , is avoided by solving an equation similar to
Eq. (A2): (

HI
el − EI

BO

)∇rI �
I = −[∇rI , HI

el

]
�I , (A4)

where HI
el is the electronic Hamiltonian of the monomer, and

EI
BO is the energy of the state �I . The solution for ∇rI �

I is
obtained analogously as in the molecular case.
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Schreiner, and G. H. F. Diercksen, Structure and spectra of
a confined HeH molecule, J. Phys. B 39, 2385 (2006).

[19] B. L. Burrows and M. Cohen, Simple spin-free calculations
for small molecules, J. Phys. B 50, 245005 (2017).

[20] W.-C. Tung, M. Pavanello, and L. Adamowicz, Very accurate
potential energy curve of the He+

2 ion, J. Chem. Phys. 136,
104309 (2012).

[21] P. Jansen, L. Semeria, and F. Merkt, Determination of the Spin-
Rotation Fine Structure of He+

2 , Phys. Rev. Lett. 120, 043001
(2018).

[22] L. Semeria, P. Jansen, G.-M. Camenisch, F. Mellini, H.
Schmutz, and F. Merkt, Precision Measurements in Few-
Electron Molecules: The Ionization Energy of Metastable
4He2 and the First Rotational Interval of 4He+

2 , Phys. Rev. Lett.
124, 213001 (2020).

[23] D. Ferenc, V. I. Korobov, and E. Mátyus, Nonadiabatic,
Relativistic, and Leading-Order QED Corrections for Rovibra-
tional Intervals of 4He+

2 (X 2�
+
u ), Phys. Rev. Lett. 125, 213001

(2020).
[24] M. Przybytek, W. Cencek, J. Komasa, G. Łach, B. Jeziorski,

and K. Szalewicz, Relativistic and Quantum Electrodynamics
Effects in the Helium Pair Potential, Phys. Rev. Lett. 104,
183003 (2010).

[25] M. Przybytek, W. Cencek, B. Jeziorski, and K. Szalewicz, Pair
Potential with Submillikelvin Uncertainties and Nonadiabatic
Treatment of the Halo State of the Helium Dimer, Phys. Rev.
Lett. 119, 123401 (2017).

[26] M. Lesiuk, M. Musiał, and R. Moszynski, Potential-energy
curve for the a3�+

u state of a lithium dimer with Slater-type
orbitals, Phys. Rev. A 102, 062806 (2020).

[27] M. Gronowski, A. M. Koza, and M. Tomza, Ab initio proper-
ties of the NaLi molecule in the a3�+ electronic state, Phys.
Rev. A 102, 020801(R) (2020).

[28] M. Lesiuk, M. Przybytek, J. G. Balcerzak, M. Musiał, and R.
Moszynski, Ab initio potential energy curve for the ground
state of beryllium dimer, J. Chem. Theory Comput. 15, 2470
(2019).

[29] E. Herbst, The chemistry of interstellar space, Chem. Soc. Rev.
30, 168 (2001).

[30] R. C. Fortenberry, The case for gas-phase astrochemistry with-
out carbon, Mol. Astrophys. 18, 100062 (2020).

[31] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Feshbach
resonances in ultracold gases, Rev. Mod. Phys. 82, 1225
(2010).

[32] T. Feldker, H. Fürst, H. Hirzler, N. V. Ewald, M. Mazzanti,
D. Wiater, M. Tomza, and R. Gerritsma, Buffer gas cooling
of a trapped ion to the quantum regime, Nat. Phys. 16, 413
(2020).

[33] P. Weckesser, F. Thielemann, D. Wiater, A. Wojciechowska,
L. Karpa, K. Jachymski, M. Tomza, T. Walker, and T. Schaetz,
Observation of Feshbach resonances between a single ion and
ultracold atoms, Nature (London) 600, 429 (2021).

[34] M. Tomza, K. Jachymski, R. Gerritsma, A. Negretti, T.
Calarco, Z. Idziaszek, and P. S. Julienne, Cold hybrid ion-atom
systems, Rev. Mod. Phys. 91, 035001 (2019).

[35] K. Sohlberg, R. E. Tuzun, B. G. Sumpter, and D. W. Noid,
Full three-body primitive semiclassical treatment of H+

2 , Phys.
Rev. A 57, 906 (1998).

[36] M. Cetina, A. T. Grier, and V. Vuletic, Micromotion-Induced
Limit to Atom-Ion Sympathetic Cooling in Paul Traps, Phys.
Rev. Lett. 109, 253201 (2012).

[37] T. Schmid, C. Veit, N. Zuber, R. Löw, T. Pfau, M. Tarana, and
M. Tomza, Rydberg Molecules for Ion-Atom Scattering in the
Ultracold Regime, Phys. Rev. Lett. 120, 153401 (2018).

[38] W. Vassen, C. Cohen-Tannoudji, M. Leduc, D. Boiron, C. I.
Westbrook, A. Truscott, K. Baldwin, G. Birkl, P. Cancio, and
M. Trippenbach, Cold and trapped metastable noble gases,
Rev. Mod. Phys. 84, 175 (2012).

[39] O. Katz, M. Pinkas, N. Akerman, and R. Ozeri, Quantum logic
detection of collisions between single atom-ion pairs, Nat.
Phys. 18, 533 (2022).

[40] C. David Sherrill and H. F. Schaefer, The configuration in-
teraction method: Advances in highly correlated approaches,
Adv. Quantum Chem. 34, 143 (1999).

[41] J. Olsen, P. Jørgensen, and J. Simons, Passing the one-billion
limit in full configuration-interaction (FCI) calculations,
Chem. Phys. Lett. 169, 463 (1990).

[42] H. Hirai and S. Koh, Non-adiabatic quantum wavepacket dy-
namics simulation based on electronic structure calculations
using the variational quantum eigensolver, Chem. Phys. 556,
111460 (2022).

[43] A. Köhn and J. Olsen, Capabilities and limits of the unitary
coupled-cluster approach with generalized two-body cluster
operators, J. Chem. Phys. 157, 124110 (2022).

[44] H. L. Williams, E. M. Mas, K. Szalewicz, and B. Jeziorski,
On the effectiveness of monomer-, dimer and bond-centered
basis functions in calculations of intermolecular interaction
energies, J. Chem. Phys. 103, 7374 (1995).

[45] S. F. Boys and F. Bernardi, The calculation of small molecu-
lar interactions by the differences of separate total energies.
Some procedures with reduced errors, Mol. Phys. 19, 553
(1970).

[46] N. C. Handy, Y. Yamaguchi, and H. F. Schaefer, The diagonal
correction to the Born-Oppenheimer approximation: Its effect
on the singlet-triplet splitting of CH2 and other molecular
effects, J. Chem. Phys. 84, 4481 (1986).

[47] A. G. Ioannou, R. D. Amos, and N. C. Handy, The diagonal
Born-Oppenheimer correction for He+

2 and F + H2, Chem.
Phys. Lett. 251, 52 (1996).

[48] N. C. Handy and A. M. Lee, The adiabatic approximation,
Chem. Phys. Lett. 252, 425 (1996).

[49] W. Kutzelnigg, The adiabatic approximation I. The physical
background of the Born-Handy ansatz, Mol. Phys. 90, 909
(1997).

052821-16

https://doi.org/10.1103/PhysRevA.83.012516
https://doi.org/10.1103/PhysRevA.77.022509
https://doi.org/10.1103/PhysRevLett.122.103003
https://doi.org/10.1016/0301-0104(76)87076-0
https://doi.org/10.1016/0022-2852(79)90090-0
https://doi.org/10.1088/0953-4075/39/11/006
https://doi.org/10.1088/1361-6455/aa977c
https://doi.org/10.1063/1.3692800
https://doi.org/10.1103/PhysRevLett.120.043001
https://doi.org/10.1103/PhysRevLett.124.213001
https://doi.org/10.1103/PhysRevLett.125.213001
https://doi.org/10.1103/PhysRevLett.104.183003
https://doi.org/10.1103/PhysRevLett.119.123401
https://doi.org/10.1103/PhysRevA.102.062806
https://doi.org/10.1103/PhysRevA.102.020801
https://doi.org/10.1021/acs.jctc.8b00845
https://doi.org/10.1039/a909040a
https://doi.org/10.1016/j.molap.2019.100062
https://doi.org/10.1103/RevModPhys.82.1225
https://doi.org/10.1038/s41567-019-0772-5
https://doi.org/10.1038/s41586-021-04112-y
https://doi.org/10.1103/RevModPhys.91.035001
https://doi.org/10.1103/PhysRevA.57.906
https://doi.org/10.1103/PhysRevLett.109.253201
https://doi.org/10.1103/PhysRevLett.120.153401
https://doi.org/10.1103/RevModPhys.84.175
https://doi.org/10.1038/s41567-022-01517-y
https://doi.org/10.1016/S0065-3276(08)60532-8
https://doi.org/10.1016/0009-2614(90)85633-N
https://doi.org/10.1016/j.chemphys.2022.111460
https://doi.org/10.1063/5.0104815
https://doi.org/10.1063/1.470309
https://doi.org/10.1080/00268977000101561
https://doi.org/10.1063/1.450020
https://doi.org/10.1016/0009-2614(96)00092-9
https://doi.org/10.1016/0009-2614(96)00171-6
https://doi.org/10.1080/002689797171904


AB INITIO POTENTIAL-ENERGY CURVES, … PHYSICAL REVIEW A 108, 052821 (2023)

[50] J. Komasa, W. Cencek, and J. Rychlewski, Adiabatic cor-
rections of the helium dimer from exponentially correlated
gaussian functions, Chem. Phys. Lett. 304, 293 (1999).

[51] E. F. Valeev and C. D. Sherrill, The diagonal Born-
Oppenheimer correction beyond the Hartree-Fock approxima-
tion, J. Chem. Phys. 118, 3921 (2003).

[52] J. O. Jensen and D. R. Yarkony, On the evaluation of non-
Born-Oppenheimer interactions for Born-Oppenheimer wave
functions. V. A body fixed frame approach. Applications to
isotope effects on equilibrium geometries and the adiabatic
correction for the X 1�+ state of LiH, J. Chem. Phys. 89, 975
(1988).

[53] J. Gauss, A. Tajti, M. Kállay, J. F. Stanton, and P. G. Szalay,
Analytic calculation of the diagonal Born-Oppenheimer cor-
rection within configuration-interaction and coupled-cluster
theory, J. Chem. Phys. 125, 144111 (2006).

[54] A. Tajti, P. G. Szalay, and J. Gauss, Perturbative treatment
of the electron-correlation contribution to the diagonal Born-
Oppenheimer correction, J. Chem. Phys. 127, 014102 (2007).

[55] K. Pachucki and J. Komasa, Nonadiabatic corrections to the
wave function and energy, J. Chem. Phys. 129, 034102 (2008).

[56] H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One-
and Two-Electron Systems. Atoms I / Atome I (Springer-Verlag,
Berlin, 1957), pp. 88–436

[57] W. Caswell and G. Lepage, Effective Lagrangians for bound
state problems in QED, QCD, and other field theories, Phys.
Lett. B 167, 437 (1986).

[58] K. Piszczatowski, G. Łach, M. Przybytek, J. Komasa, K.
Pachucki, and B. Jeziorski, Theoretical determination of the
dissociation energy of molecular hydrogen, J. Chem. Theory
Comput. 5, 3039 (2009).

[59] V. I. Korobov, Bethe logarithm for the helium atom, Phys. Rev.
A 100, 012517 (2019).

[60] G. Drake and S. P. Goldman, Bethe logarithms for Ps, H, and
heliumlike atoms, Can. J. Phys. 77, 835 (2000).

[61] M. Przybytek, general FCI program HECTOR, 2014.
[62] K. Aidas, C. Angeli, K. L. Bak, V. Bakken, R. Bast, L.

Boman, O. Christiansen, R. Cimiraglia, S. Coriani, P. Dahle,
E. K. Dalskov, U. Ekström, T. Enevoldsen, J. J. Eriksen, P.
Ettenhuber, B. Fernández, L. Ferrighi, H. Fliegl, L. Frediani,
K. Hald et al., The dalton quantum chemistry program system,
WIREs Comput. Mol. Sci. 4, 269 (2014).

[63] DALTON, a molecular electronic structure program, release 2.0,
2005, http://daltonprogram.org.

[64] S. Coriani, T. Helgaker, P. Jørgensen, and W. Klopper, A
closed-shell coupled-cluster treatment of the Breit-Pauli first-
order relativistic energy correction, J Chem. Phys. 121, 6591
(2004).

[65] See Supplemental Material at http://link.aps.org/supplemental
/10.1103/PhysRevA.108.052821 for the calculated rovibra-
tional levels and potential-energy curves in a numerical form.

[66] W. Cencek, M. Przybytek, J. Komasa, J. B. Mehl, B. Jeziorski,
and K. Szalewicz, Effects of adiabatic, relativistic, and quan-
tum electrodynamics interactions on the pair potential and
thermophysical properties of helium, J. Chem. Phys. 136,
224303 (2012).

[67] M. Przybytek and B. Jeziorski, Bounds for the scattering
length of spin-polarized helium from high-accuracy elec-
tronic structure calculations, J. Chem. Phys. 123, 134315
(2005).

[68] T. Fleig, J. Olsen, and L. Visscher, The generalized active
space concept for the relativistic treatment of electron correla-
tion. II. Large-scale configuration interaction implementation
based on relativistic 2- and 4-spinors and its application,
J. Chem. Phys. 119, 2963 (2003).

[69] T. Fleig, H. J. Aa. Jensen, J. Olsen, and L. Visscher, The gen-
eralized active space concept for the relativistic treatment of
electron correlation. III. Large-scale configuration interaction
and multiconfiguration self-consistent-field four-component
methods with application to UO2, J. Chem. Phys. 124, 104106
(2006).

[70] S. Knecht, H. J. Aa. Jensen, and T. Fleig, Large-scale par-
allel configuration interaction. II. Two- and four-component
double-group general active space implementation with appli-
cation to BiH, J. Chem. Phys. 132, 014108 (2010).

[71] H. J. Aa. Jensen, R. Bast, A. S. P. Gomes, T. Saue, and L.
Visscher, with contributions from I. A. Aucar, V. Bakken,
C. Chibueze, J. Creutzberg, K. G. Dyall, S. Dubillard, U.
Ekström, E. Eliav, T. Enevoldsen, E. Faßhauer, T. Fleig,
O. Fossgaard, L. Halbert, E. D. Hedegård, T. Helgaker, B.
Helmich–Paris, J. Henriksson, M. van Horn, M. Iliaš, Ch. R.
Jacob et al., DIRAC, a relativistic ab initio electronic structure
program, release DIRAC22 (2022), http://dx.doi.org/10.5281/
zenodo.6010450; see also http://www.diracprogram.org.

[72] K. G. Dyall, Relativistic double-zeta, triple-zeta, and
quadruple-zeta basis sets for the light elements H-Ar, Theor.
Chem. Acc. 135, 128 (2016).

[73] A. Halkier, T. Helgaker, P. Jørgensen, W. Klopper, H. Koch, J.
Olsen, and A. K. Wilson, Basis-set convergence in correlated
calculations on Ne, N2, and H2O, Chem. Phys. Lett. 286, 243
(1998).

[74] T. Helgaker, W. Klopper, and D. P. Tew, Quantitative quantum
chemistry, Mol. Phys. 106, 2107 (2008).

[75] W. Klopper, A critical note on extrapolated helium pair poten-
tials, J. Chem. Phys. 115, 761 (2001).

[76] W. Kutzelnigg and J. D. Morgan, Rates of convergence of
the partial-wave expansions of atomic correlation energies,
J. Chem. Phys. 96, 4484 (1992).

[77] R. D. Cowan and D. C. Griffin, Approximate relativistic cor-
rections to atomic radial wave functions, J. Opt. Soc. Am. 66,
1010 (1976).

[78] K. Piszczatowski, G. Łach, and B. Jeziorski, Direct calculation
of interaction-induced molecular properties: An application to
the relativistic mass-velocity and Darwin terms in the inter-
action energy of hydrogen atoms, Phys. Rev. A 77, 062514
(2008).

[79] H.-K. Chung, B. J. Braams, K. Bartschat, A. G. Császár,
G. W. F. Drake, T. Kirchner, V. Kokoouline, and J. Tennyson,
Uncertainty estimates for theoretical atomic and molecular
data, J. Phys. D 49, 363002 (2016).

[80] V. A. Yerokhin and K. Pachucki, Theoretical energies of low-
lying states of light helium-like ions, Phys. Rev. A 81, 022507
(2010).

[81] G. W. F. Drake, High precision variational calculations for the
1s2 1S state of H− and the 1s2 1S, 1s2s 1S and 1s2s 3S states
of helium, Nucl. Instrum. Methods Phys. Res., Sect. B 31, 7
(1988).

[82] A. Halkier, T. Helgaker, P. Jørgensen, W. Klopper, and J.
Olsen, Basis-set convergence of the energy in molecular
Hartree-Fock calculations, Chem. Phys. Lett. 302, 437 (1999).

052821-17

https://doi.org/10.1016/S0009-2614(99)00292-4
https://doi.org/10.1063/1.1540626
https://doi.org/10.1063/1.455167
https://doi.org/10.1063/1.2356465
https://doi.org/10.1063/1.2744014
https://doi.org/10.1063/1.2952517
https://doi.org/10.1016/0370-2693(86)91297-9
https://doi.org/10.1021/ct900391p
https://doi.org/10.1103/PhysRevA.100.012517
https://doi.org/10.1139/p00-010
https://doi.org/10.1002/wcms.1172
http://daltonprogram.org
https://doi.org/10.1063/1.1788634
http://link.aps.org/supplemental/10.1103/PhysRevA.108.052821
https://doi.org/10.1063/1.4712218
https://doi.org/10.1063/1.2042453
https://doi.org/10.1063/1.1590636
https://doi.org/10.1063/1.2176609
https://doi.org/10.1063/1.3276157
http://dx.doi.org/10.5281/zenodo.6010450
http://www.diracprogram.org
https://doi.org/10.1007/s00214-016-1884-y
https://doi.org/10.1016/S0009-2614(98)00111-0
https://doi.org/10.1080/00268970802258591
https://doi.org/10.1063/1.1379577
https://doi.org/10.1063/1.462811
https://doi.org/10.1364/JOSA.66.001010
https://doi.org/10.1103/PhysRevA.77.062514
https://doi.org/10.1088/0022-3727/49/36/363002
https://doi.org/10.1103/PhysRevA.81.022507
https://doi.org/10.1016/0168-583X(88)90387-4
https://doi.org/10.1016/S0009-2614(99)00179-7
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