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ABSTRACT
In this work, the molecular enhancement factors of the P, T -odd interactions involving the electron electric dipole moment (Wd) and
the scalar–pseudoscalar nucleon–electron couplings (Ws) are computed for the ground state of the bimetallic molecules YbCu, YbAg, and
YbAu. These systems offer a promising avenue for creating cold molecules by associating laser-cooled atoms. The relativistic coupled-cluster
approach is used in the calculations, and a thorough uncertainty analysis is performed to give accurate and reliable uncertainties to the
obtained values. Furthermore, an in-depth investigation of the different electronic structure effects that determine the magnitude of the
calculated enhancement factors is carried out, and two different schemes for computing Wd are compared. The final values for the enhance-
ment factors are (13.32 ± 0.13) × 1024 h Hz

e cm , (12.19 ± 0.12) × 1024 h Hz
e cm , and (2.36 ± 0.48) × 1024 h Hz

e cm for Wd and (−48.63 ± 0.53)h kHz,
(−45.68 ± 0.60)h kHz, and (3.81 ± 2.58)h kHz for Ws, for YbCu, YbAg, and YbAu, respectively.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0235522

I. INTRODUCTION

The current best description of elementary particles and their
interactions is given by the Standard Model (SM) of particle
physics.1 This model is capable of describing almost all experimental
observations (excluding gravitational interactions) and of accurately
predicting a wide range of diverse phenomena, which is why over
time it has been consolidated as a well-tested physical theory. How-
ever, it does not address some important observed effects, such
as the matter–antimatter asymmetry in the universe, the neutrino
oscillations, and the existence and nature of dark matter and dark
energy.2,3 Over the past decades, many new theories and extensions
of the SM have been proposed to explain these phenomena.3,4 Test-
ing and restricting these theories is important for advancing our
understanding of the fundamental laws of physics.

A promising way to test some of these theories is to search
for effects due to the simultaneous non-conservation of spatial
(P) and time-reversal (T ) parities in atoms and molecules, such
as those arising from the electric dipole moments (EDMs) of
electrons.5 Interactions between these EDMs and electromagnetic
fields violate both temporal and spatial invariances.6 Within a
CPT -invariant theory (C refers to charge-conjugation symme-
try), if T symmetry is violated, then the combined CP symmetry
must also be non-conserved so that clearly P, T violation implies
CP non-conservation.2

The sources of CP violation described by the SM lead to the
prediction of a free-electron EDM de of ∼5.8 × 10−40e cm.7 However,
more sources of CP violation beyond those predicted by the SM
are needed to explain, for example, the observed matter–antimatter
asymmetry. The additional sources of CP violation would in turn
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lead to an increase in the magnitude of the electron EDM (eEDM),
even bringing it into the reach of present-day precision experi-
ments.2 Experimental searches for these phenomena are currently
being carried out in atoms and molecules, taking advantage of the
enhancement of the atomic and molecular EDMs. These arise from
P, T -violating interactions, mainly those taking place between the
eEDMs and the large internal atomic or molecular electric fields,
and also other CP-odd nucleon–electron and nucleon–nucleon
interactions.2,8–10 Currently, the lowest upper limit of the eEDM
is set at ∣de∣ < 2.1 × 10−29e cm. This upper limit was reported after
measurements conducted by the National Institute of Science and
Technology (NIST) on the HfF+ molecular ion11 and combining
these results with those obtained by the ACME Collaboration in
their analysis of the ThO molecule.12 It is important to stress that
if CP violation is assumed to arise exclusively from de in the
NIST experiment (i.e., if the scalar–pseudoscalar nucleon–electron
couplings are neglected), then the upper limit would be ∣de∣ < 4.1
× 10−30e cm. This lowest upper limit has already put considerable
constraints on some of the theories beyond the SM.13,14

In the ground state of a molecule with zero nuclear spins and
a single unpaired electron, there are two main contributions to the
energy arising from P, T -violating interactions, that is, the interac-
tions between the EDMs of the electrons and the electromagnetic
fields and from the P, T -odd scalar–pseudoscalar nucleon–electron
(S-PS-ne) neutral-current interactions.9,15 Since the effects of the
eEDM and the S-PS-ne interactions are enhanced by the molecular
electronic structure, the two corresponding molecular enhancement
factors Wd (related to de) and Ws (which enhances the S-PS-ne
interactions) are of particular interest.

The choice of molecule for the measurements has a significant
impact on the sensitivity of the experiment due to, among others,
the system-dependent enhancement of the P, T -odd effects. Since
in open-shell molecules that contain only one heavy element, this
enhancement scales roughly as the cube of the atomic number of
the heavier nucleus to which the unpaired electron is strongly linked
to Refs. 10, 16, and 17, some heavy-element-containing molecules
have an advantage over other systems. Furthermore, practical exper-
imental considerations play a crucial role in selecting a candidate for
experiments. For example, the use of ultra-cold molecules increases
the interaction times and, hence, the experimental precision.18

Therefore, the laser-coolability of the selected molecule provides
a clear advantage. Various molecular properties relevant for pre-
cision measurements (e.g., laser coolability and sensitivity to the
measured phenomena, but also many others) can be determined
theoretically before experimental investigations in support of such
experiments. In particular, the enhancement factors cannot be mea-
sured and must be provided based on accurate electronic structure
calculations.

In this work, we investigate the sensitivity of the YbCu, YbAg,
and YbAu molecules to P, T -violating phenomena. These sys-
tems are of particular interest since they contain two metal atoms.
Theoretically, this means that these atoms can be laser-cooled sepa-
rately and then associated into a molecule afterward, eliminating the
need to laser-cool the molecule as a whole.19–21 So far, laser-cooling
of Yb and Ag atoms has been demonstrated.22,23 Laser-cooling of
Cu and Au has not been demonstrated yet, but cooling schemes
have been proposed.24 Furthermore, these polar molecules have
large molecular-frame electric dipole moments, due to the large

electronegativity of coinage-metal atoms, allowing for their easy
polarization. In particular, YbAg is considered a promising candi-
date for a next-generation clock-transition eEDM measurement.21

No experiments have been performed so far on YbCu, YbAg, or
YbAu, but several experimental groups pursue the ultra-cold forma-
tion of other Ag-containing molecules.25–28 However, high-accuracy
calculations of the potential energy curves, molecular-frame electric
dipole moments, electric quadrupole moments, and static electric
dipole polarizabilities of the present systems have recently been
performed.29 Here, we employ the four-component (4c) relativis-
tic coupled-cluster (CC) approach to calculate the enhancement
factors of the P, T -violating interactions between the eEDMs and
the electric fields in the systems, Wd, and of the P, T -odd S-PS-
ne interactions, Ws. The enhancement factors are determined for
the ground states, X 2Σ+1

2
, of the three molecules. We also carry

out an extensive computational study to assign uncertainties to the
calculated values.

In open-shell molecules containing at least one non-zero
nuclear spin I, some internal nuclear interactions lead to nuclear
spin-dependent molecular P, T -violating effects, such as mag-
netic interactions between the electrons and the nuclear magnetic
quadrupole moment (NMQM), which appears for nuclear spin
I ≥ 1.30,31 These effects are, however, outside the scope of this work.

Section II covers the main theoretical aspects of this work,
detailing how both enhancement factors can be obtained from effec-
tive Hamiltonians. Section III contains a description of the methods
employed to calculate these factors, as well as the scheme used for
geometry optimization. Next, Sec. IV presents the obtained enhance-
ment factors and their dependence on effects such as the choice of
the nuclear charge density model, the method for the treatment of
electron correlation, the choice of the basis set, and the internu-
clear distances. Finally, Sec. V contains a concise summary of our
findings.

II. THEORY
The P, T -violating interactions involving the EDMs of atoms

or molecules produce non-zero linear Stark shifts in the limit of
vanishingly small applied electric fields. These interactions originate
from many different sources, but mainly from the EDMs of electrons
and nucleons, as well as from the P, T -violating nucleon–nucleon
current interactions and the P, T -odd electron–quark interac-
tions.32 In particular, for open-shell linear molecules in X 2Σ 1

2

ground states, such as the systems treated in this paper, the interac-
tions between eEDMs and electromagnetic fields and the P, T -odd
S-PS-ne neutral-current interactions dominate.33 In these cases, the
effective spin-rotation Hamiltonian that includes only nuclear-spin-
independent P, T -odd interactions (i.e., neglecting the interactions
between electrons and NMQMs) can be written as9,34

Ĥ P , T −odd
sr = (∑

K
Ws,K ks,K +Wd de)Ω̂, (1)

where the P, T -odd dimensionless operator Ω̂ = h̵−1Je ⋅ n is the
scalar projection of the reduced total electronic angular momen-
tum operator Je/h onto the unit vector n. The direction and sense
of this vector operator n = μ/∣μ∣ are given by the electric dipole
moment of the system in the molecular frame, μ. For a linear
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molecule, the direction of this unit vector is given by the internu-
clear axis, while its sense depends on the distribution of the nuclear
and electronic charge densities in the reference frame attached to the
molecule. Here, h = h/(2π) is the reduced Planck constant. The sum
in Eq. (1) runs over all the nuclei K in the system. In systems where
one nucleus is significantly heavier than the other (and where the
unpaired electron is mostly located on that heavy nucleus), this sum
typically reduces to a single term. We also note that ks,K is specific to
each nucleus K, i.e., it depends on both the proton and neutron num-
bers. Both these points will become important later and are discussed
in Sec. II B.

To compute the enhancement factors, the effects of the eEDM
and the S-PS-ne interactions are taken as perturbations on the 4c
relativistic Dirac–Coulomb (DC) Hamiltonian. Since de and ks,K
are small quantities, the effects arising from both interactions are
minute. Therefore, first-order perturbation treatment will already
yield highly accurate results.

Within the Born–Oppenheimer approximation, the 4c DC
(clamped-nuclei) Hamiltonian is given by

Ĥ (0) =∑
i
[cαi ⋅ p̂i + βimec2 − 𝟙4×4∑

K
eΦK(ri)]

− 𝟙4×4
1
2∑i≠j

eΦj(ri) + 𝟙4×4 Unuc, (2)

where

ΦK(ri) =
1

4πε0
∫

ρK(r′)
∣ri − r′∣d

3r′, (3)

Φj(ri) = −
1

4πε0

e
∣ri − rj ∣

, (4)

Unuc = 1
8πε0
∑
K≠L

ZK ZLe2

∣RK − RL∣
. (5)

In Eqs. (2)–(4), as well as in all this work, the SI system of units was
used. Here, 𝟙4×4 is the 4 × 4 identity matrix, the operator ΦK(ri)
refers to the Coulomb electric potential produced by the nucleus K at
the position of the ith electron, whereas Φj(ri) is the electric poten-
tial created by electron j at the position ri. The last term in Eq. (2) is
the potential energy arising from all the nucleus–nucleus Coulomb
interactions. According to Gauss’ law, and considering that the root-
mean-square radius of any nucleus is about five orders of magnitude
smaller than the distance between the centers of any two nuclei in
a molecule, the repulsive potential energy arising from the interac-
tion between two given nuclei (provided that their electric charge
distributions are described by spherically symmetric functions) can
be safely approximated as the interaction between two point-type
nuclei with their total charges concentrated in their centers. This
approximation is standard in molecular physics. In addition, c is the
speed of light in vacuum; me is the electron rest mass; e is the ele-
mentary charge; ε0 is the vacuum permittivity; ρK(r

′) is the charge
density distribution of nucleus K at an arbitrary position r′; ZK and
ZL are the atomic numbers of nuclei K and L, respectively; and ri, rj,
RK , and RL are the position vectors of the electrons i and j and nuclei
K and L, respectively. Here and in what follows, the sums over i and
j run over all the electrons in the molecule, whereas the sums over

K and L run over all the nuclei of the system. In addition,
p̂i = −ih̵∇̂i is the linear momentum (vector) operator of electron i,
while αi and βi are the well-known 4 × 4 Dirac matrices in standard
representation for the same electron. In this representation, they are
expressed as

α = [∅2×2 σ
σ ∅2×2

], β = [𝟙2×2 ∅2×2

∅2×2 −𝟙2×2
]. (6)

Here, 𝟙2×2 and ∅2×2 are the 2 × 2 identity and null matrices,
respectively, and

σ = [0 1
1 0
]ı̂ + [0 −i

i 0
]Ĵ + [

1 0
0 −1

]k̂ (7)

is the vector of Pauli matrices, with ı̂, Ĵ, and k̂ being the unit vectors
in Cartesian coordinates and i =

√
−1 being the imaginary unit.

A. eEDM enhancement factor W d

The effects on hydrogenic atoms arising from a P, T -odd inter-
action between the permanent EDM of a single electron, parallel
to its spin, and an electromagnetic field have been studied for the
first time by Salpeter in 1958.35 In his seminal work, he introduced a
P, T -odd perturbation term corresponding to a permanent eEDM
into the one-electron Dirac equation in a Lorentz-covariant formu-
lation. This term is analogous to the so-called Pauli moment inter-
action term (representing a QED interaction of the lowest order,
for non-relativistic energies, between the electromagnetic field and
the Pauli anomalous electric and magnetic dipole moments of the
electron) but pre-multiplied by the pseudoscalar Dirac operator
γ5 (see pp. 47–51 of Ref. 36).

In atoms or molecules with at least one electron whose spin is
unpaired, the effects arising from these P, T -violating interactions
produce atomic or molecular (permanent) P, T -violating electric
dipole moments that may be significantly larger than that of a free
electron. In the past, it has been shown that the P, T -violating EDM
of these many-electron systems is mainly influenced by the electro-
static interactions between the eEDM of the unpaired electron and
the internal electric fields.37 Therefore, when calculating the molec-
ular enhancement parameter Wd [see Eq. (1)], it is possible to ignore
effects such as the interactions between the eEDM and the magnetic
fields and also the electron–electron Breit interactions.

When neglecting both, the interactions of the eEDMs with
internal and external magnetic fields and the Breit interactions,
the mean value of the Salpeter Hamiltonian can be equated to
the expectation value of two different operators. One of these two
effective Hamiltonians is the sum of only one-electron operators,
while the other one also contains two-body operators. These two-
electron contributions, however, are considerably smaller than the
one-electron ones in that particular effective Hamiltonian, and as
such, they can usually be safely neglected.8,37

Therefore, by employing any of these two effective
Hamiltonians—denoted henceforth as scheme 1 (S1) and scheme
2 (S2)—to make theoretical predictions, one avoids having to treat
the two-electron interactions of the Salpeter Hamiltonian, which are
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not negligible. The first of these effective Hamiltonians (i.e., within
S1) has the following form:

ĤeEDM
eff−1 = −de∑

i
(βi − 𝟙4×4)Σi ⋅ E(ri), (8)

where the operator vectors Σi are related to the Pauli spin matrices
by the following expression:

Σ = [ σ ∅2×2

∅2×2 σ
], (9)

and E(ri) is the total electrostatic electric field at the position of
electron i, given by

E(ri) = −∇i

⎡⎢⎢⎢⎢⎣
∑

K
ΦK(ri) +∑

j≠i
Φj(ri) +Φext(ri)

⎤⎥⎥⎥⎥⎦
. (10)

Here, Φext(ri) is the electrostatic potential produced by the external
electric field at the position of electron i, whereas ΦK(ri) and Φj(ri)
are the potentials given in Eqs. (3) and (4). The sums over K and j in
the first and second terms of Eq. (10) run over all the nuclei and all
the electrons of the molecule, respectively.

In what follows, we neglect in Eq. (8) the effects arising from
both external electric fields and the electric field produced by the
electrons (i.e., the two-electron terms in ĤeEDM

eff−1 ), as their contri-
butions to the molecular enhancement factors have been shown to
be only on the order of one percent for heavy-element containing
systems.8,17,37 In this way, the effective Hamiltonian of S1 can be
expressed as

ĤeEDM
eff−1 ≈ −de∑

i,K
(βi − 𝟙4×4)Σi ⋅ [−∇iΦK(ri)], (11)

and if the nuclear charges are modeled using point-type density
distributions (PN), then this effective Hamiltonian is given by the
operator

ĤeEDM
eff−1(PN) ≈ −de∑

i,K

ZK e
4πε0
(βi − 𝟙4×4)Σi ⋅

ri − RK

∣ri − RK ∣3
, (12)

where its dependence on the atomic number of the nuclei in the
system is explicit.

The second effective eEDM Hamiltonian, within S2, implicitly
includes only the two-electron interactions contained in the Salpeter
formulation and is given by37,38

ĤeEDM
eff−2 = i de

2c
eh̵∑i

βiγ
5
i p̂2

i , (13)

where p̂ 2 = −h̵2 ∇̂ 2 and γ5 is the well-known Dirac matrix of dimen-
sion 4 × 4, defined as γ5 = iγ0γ1γ2γ3, with γ0 = β and γ = βα = γ1

ı̂ + γ2 ̂ + γ3 k̂. In terms of the σx,y,z Pauli spin matrices, γ0 = σz ⊗
𝟙2×2, γ1,2,3 = iσy ⊗ σx,y,z , and then, γ5 = σx ⊗ 𝟙2×2, where ⊗ implies a
Kronecker product. Therefore, in the Dirac standard representation,

γ5 = [∅2×2 𝟙2×2

𝟙2×2 ∅2×2
]. (14)

Unlike the effective Hamiltonian ĤeEDM
eff−1 of Eq. (11), which

explicitly depends on the nuclear charge density distributions ρK(r),
the Hamiltonian ĤeEDM

eff−2 given in Eq. (13) does not have a functional
dependence on effects due to finite nuclear sizes. However, when
perturbation theory is applied to calculate the molecular enhance-
ment factor Wd using S2, these effects are implicitly accounted for
through their explicit inclusion in the unperturbed Hamiltonian of
the system, Ĥ (0).

Furthermore, S2 only contains one-electron operators within
an approximation in which both the magnetic interactions and
the electron–electron Breit interactions are neglected, reducing the
computational complexity. However, a drawback of this effective
Hamiltonian is in the fact that the non-relativistic limit of its mean
value is not zero, while that of the Salpeter Hamiltonian vanishes.39

Furthermore, S2 does not allow for the analysis of separate nuclear
contributions to the calculated Wd parameters. Meanwhile, within
S1, the non-relativistic limit of Wd is zero. While S1 includes two-
electron contributions [see Eq. (8)], these are much smaller than
the corresponding one-electron counterparts17,37 and can usually
be neglected. Therefore, S1 allows us to study the effective contri-
butions to Wd arising from each nucleus of the system, keeping
the correct non-relativistic behavior, and using only one-electron
operators.

The interactions of the eEDMs with the internal electric fields
can be taken as a perturbation on the DC Hamiltonian Ĥ (0)

of Eq. (2), and, in such a case, the total (perturbed) electronic
Hamiltonian is written as

Ĥ d = Ĥ (0) + λ Ĥ eEDM, (15)

where λ is the dimensionless strength of the perturbation and Ĥ eEDM

can be replaced either by ĤeEDM
eff−1 or by ĤeEDM

eff−2 .
The corrections to the molecular electronic energy aris-

ing from the perturbed Hamiltonian can be obtained by using
Rayleigh–Schrödinger perturbation theory. A Taylor series expan-
sion of the ground-state energy solution of Eq. (15), Ed

Ω(λ), can be
written around λ = 0 as

Ed
Ω(λ) = E(0)Ω + λ Ed(1)

Ω ∣
λ=0
+ λ2

2
Ed(2)

Ω ∣
λ=0
+ O(λ3), (16)

where the subindices Ω indicate that the ground-state solutions ∣0⟩
of the unperturbed Hamiltonian Ĥ (0) in a given fixed molecular
frame and spin state fulfill the condition ⟨0∣Ω̂∣0⟩ = Ω. For YbCu,
YbAg, and YbAu, it can be seen that ∣Ω∣ = 1/2.29 Furthermore,
the energy E(0)Ω = ⟨0∣Ĥ (0)∣0⟩ is the eigenvalue of the unperturbed
Hamiltonian Ĥ (0) in the same molecular frame. When only the
leading-order corrections are retained, and taking into account the
relation between the effective spin-rotation Hamiltonian and the
eEDM enhancement factor Wd given in Eq. (1), it can be shown that
this parameter is given as

Wd =
1

Ω de

dEd
Ω

dλ
∣
λ=0
= 1

Ω de
( d

dλ
⟨0d∣Ĥ d∣0d⟩)∣

λ=0
, (17)

where ∣0d⟩ is the ground-state solution of the perturbed Hamiltonian
Ĥ d.
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B. S-PS-ne enhancement factor W s

A second source contributing to the P, T -violating interac-
tions involving the electric dipole moment of an open-shell polar
molecule in a 2Σ 1

2
ground state is the P, T -odd S-PS-ne neutral-

current interactions. Assuming that in each nucleus K, the proton
and neutron density distributions are equal to each other and
also equal to the normalized nuclear density distribution 𝜚K(r),
the effective Hamiltonian that accounts for the four-fermion semi-
leptonic interactions in the electron–nucleon sector (in the limit of
infinitely heavy nuclei) can be written in terms of proton–electron
and neutron–electron interaction constants kp

s and kn
s , respectively,

as9,15,32

Ĥ S−PS−ne = i
GF√

2
∑
i,K
(ZK kp

s +NK kn
s ) βiγ

5
i 𝜚K(ri), (18)

where NK is the number of neutrons in nucleus K, GF is
the Fermi coupling constant [whose most recent value is
GF/(h c)3 = 1.166 378 7 × 10−5 GeV−2, or equivalently GF
≃ 2.222 516 × 10−14 Eh a3

0
40], and 𝜚K(ri) = ρK(ri)/(ZK e) is the

normalized nuclear density distribution of nucleus K at the position
of the ith electron, satisfying ∫ 𝜚K(r)d

3r = 1. In addition, Eh and a0
are the Hartree energy and Bohr radius, respectively. By defining a
factor ks,K = kp

s + (NK/ZK) kn
s , we can rewrite Eq. (18) as

Ĥ S−PS−ne =∑
K

ĤS−PS−ne
K = i

GF√
2
∑
i,K

ZK ks,K βiγ
5
i 𝜚K(ri). (19)

Making a treatment analogous to the one applied to the eEDM
Hamiltonian, it is easy to see that the S-PS-ne Hamiltonian can
also be taken as a perturbation (with field strength λ) to the 4c DC
Hamiltonian so that

Ĥ s = Ĥ (0) + λ Ĥ S−PS−ne. (20)

By expanding the solution energy around λ = 0, the enhancement
factor Ws can be obtained as

Ws =
1
Ω∑K

1
ks,K

dEs,K
Ω

dλ
∣
λ=0

. (21)

III. COMPUTATIONAL DETAILS
The calculations reported in this work were performed using

the DIRAC 19.0 program package.41,42 The bond lengths were opti-
mized using the exact two-component (X2C) Hamiltonian,43 the
single-reference coupled-cluster method with single and double
excitations (CCSD), and the s-aug-v4z basis set.44–46 The active
space energy cutoffs for the virtual (unoccupied) and occupied
orbitals were set to ±20Eh, ±10Eh, and ±10Eh for YbCu, YbAg, and
YbAu, respectively. A smaller active space was used for the heavier
molecules since computing their bond lengths is computationally
more intensive. The optimized internuclear distances for YbCu,
YbAg, and YbAu are 2.7543, 2.8589, and 2.6524 Å, respectively. The
bond length increases from YbCu to YbAg and then decreases from
YbAg to YbAu due to relativistic effects. A non-relativistic treatment
would show longer bonds for heavier systems.47 The enhancement
factors were computed for these calculated equilibrium internuclear
distances.

The molecular enhancement factors Wd and Ws were calcu-
lated using the four-component DC Hamiltonian and the multi-
reference Fock-space coupled-cluster method with single and double
excitations (FSCC).48 A multi-reference method is required for these
calculations due to the challenging character of the ytterbium-
containing molecules.49,50 This method has been employed pre-
viously to study the enhancement factors of the P, T -violating
interactions in YbOH51 and YbCH3.52 In addition, the FSCC imple-
mentation within the EXP-T program53,54 was used to investigate the
effects of including triple excitations.

The uncontracted Dyall’s valence-only basis sets of double-
ζ (v2z), triple-ζ (v3z), and quadruple-ζ (v4z) quality were
employed.55,56 In addition, the core–valence basis sets (cvXz,
X = 2, 3, 4) were used to examine effects arising from the correlation
of core electrons.57 These particular basis sets add tight functions
with large exponents to the vXz basis sets. Finally, the augmented
basis sets (s-aug-vXz) were employed to investigate how accurately
the outer regions of the systems were described. The s-aug-vXz basis
sets add a single diffuse function to each symmetry block.

Nuclear electric charge densities were modeled using point-
type or spherically symmetric Gaussian distributions. For a given
nucleus K, the charge density distributions corresponding to a
point-type nucleus (PN) and a Gaussian-type nucleus (GN) are,
respectively,

ρPN
K (r) = ZK e δ(r − RK) (22)

and

ρGN
K (r) = ZK e( ζK

π
)

3/2

e−ζK ∣r−RK ∣
2

. (23)

Here, δ(r) is the Dirac delta distribution and ζK = 3/(2⟨R2
nuc,K⟩),

with
√
⟨R2

nuc,K⟩ being the root-mean-square radius of the nucleus

K, which can be obtained using the empirical relation
√
⟨R2

nuc,K⟩
= (0.836 A1/3

K + 0.570) fm, where AK is the mass number of the iso-
tope of interest.58 The most abundant isotopes were considered, i.e.,
174Yb, 63Cu, 107Ag, and 197Au.

For calculations of Ws, identical nuclear models (either PN or
GN) were used in both the Ĥ (0) and Ĥ S−PS−ne operators [see Eqs. (2)
and (19)]. In addition, when Wd was calculated using S1, the PN
model was employed in both Ĥ (0) and ĤeEDM

eff−1(PN) [see Eqs. (2) and
(12)]. The GN models were not yet implemented in DIRAC within
ĤeEDM

eff−1 . Finally, computations of Wd within S2 were performed using
either PN or GN models in the unperturbed Hamiltonian Ĥ (0).

The enhancement factors were calculated by employing the
finite-field method. In particular, by combining Eqs. (16), (17), and
(21), it can be seen that they can be obtained by applying the
two-point finite-field method, where

Wd ≈
1

Ω de
[Ed

Ω(λ) − Ed
Ω(−λ)

2λ
] (24)

and

Ws ≈
1
Ω∑K

1
ks,K
[Es,K

Ω (λ) − Es,K
Ω (−λ)

2λ
]. (25)
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Since ĤeEDM
eff−1 , ĤeEDM

eff−2 , and Ĥ S−PS−ne are T -odd operators, they can-
not be included at the level of SCF iterations using the DIRAC
code. However, the total energy of the perturbed systems can be
obtained by transforming the integrals of these operators from the
(Dirac–Coulomb Hartree–Fock) scalar atomic primitive basis to the
molecular spinor basis. Even though the applied algorithm is not yet
described in detail in the literature, Ref. 59 provides some valuable
information about the used formalism.

A field strength λ = 10−6 was set when studying both para-
meters Wd and Ws in YbCu and YbAg, whereas λ = 10−7 was used
for the calculations involving YbAu.

Atomic units (i.e., e = 1, a0 = 1, h = 1, and 4πε0 = 1) were used
in all the calculations. For Wd, the values obtained following Eq. (24)
were converted to the units used throughout this work using a con-
version factor equal to the atomic unit (a.u.) of the electric field
Eh/(e a0) = 1.243 380 059 × 1024 h Hz

e cm . To calculate Ws following
Eq. (25), the energies Es,K

Ω (±λ)/ks,K were obtained in a.u. as mean
values of the Hamiltonian,

Ĥ (0) ± λ
ks,K

√
2 Eha3

0

GF ZK
ĤS−PS−ne

K , (26)

and then, the factor GF ZK/(
√

2 a3
0) = ZK 0.103 403 426 h kHz was

used to convert the values of Ws,K from a.u. to h kHz. All values of
the fundamental constants were taken from Ref. 40.

IV. RESULTS AND DISCUSSION
To obtain accurate enhancement factors accompanied by

well-defined uncertainties, multiple computational aspects will be
addressed. For all the calculations discussed in this section, the
4c DC Hamiltonian was employed. First, the baseline results will
be presented in Sec. IV A. Then, the effect of selecting two differ-
ent nuclear charge density distribution models is examined for both
factors in Sec. IV B. Furthermore, the two schemes employed for
computing Wd will be compared in Sec. IV C. Next, the influence
of the basis set will be determined in Sec. IV D. Thereafter, different
computational approaches will be compared in Sec. IV E. Finally, the
effect of the geometry of the system on Wd and Ws will be discussed
in Sec. IV F.

This extensive investigation allows us to set uncertainties on
the final values. The justification for the final results and their
uncertainties will be given in Sec. IV G.

A. Baseline calculations
All the reference values for Wd and Ws were computed on

the v3z/FSCCSD level, using the equilibrium bond lengths obtained
in this work and Gaussian-type nuclear charge distribution mod-
els. The reference values for Wd have been obtained using S2 [see
Eq. (13)]. For YbCu and YbAg, a virtual space cutoff of 500Eh was
employed, and two and four electrons were frozen, respectively. For
YbAu, the virtual space cutoff was set to 40Eh, and 56 electrons were
frozen. The selection of these correlation parameters is justified in
Table S1 of the supplementary material.

The calculated enhancement factors for the three systems
are given in Table I. We can observe that both parameters are
very similar for YbCu and YbAg, while much lower absolute val-
ues are obtained for YbAu. This finding will be elucidated in

TABLE I. Reference values of Wd (employing S2) and W s for YbCu, YbAg, and
YbAu. These results were obtained on the FSCCSD/v3z level of theory, using
Gaussian-type nuclear models, and freezing 2, 4, and 56 electrons, respectively.

Molecule Wd [1024 h Hz
e cm ] Ws (h kHz)

YbCu 13.122 −47.647
YbAg 11.869 −44.361
YbAu 1.326 6.979

Sec. IV C. Furthermore, multiple corrections to these baseline val-
ues will be determined. The final obtained values will be given in
Sec. IV G.

B. Nuclear size effects
The effects arising from the use of two different nuclear models

in the calculations of the molecular enhancement factors were inves-
tigated. For all three molecules, these effects were analyzed in both
Wd and Ws. In this study, S2 has been employed to calculate Wd.
All calculations were performed on the FSCCSD/v2z level of theory,
correlating all electrons and using a virtual space cutoff of 3000 Eh
for all three systems.

In Fig. 1, the effects of using different nuclear charge density
distribution models on Wd (S2) are shown (see also Table S3 of
the supplementary material). For YbCu and YbAg, the results using
GN are ∼1.1% smaller than those obtained employing PN, while for
YbAu, the GN result is ∼9.2% larger than the PN one. In particu-
lar, the nuclear size effects on YbCu and YbAg agree with those on
YbF previously reported by Gaul and Berger in Ref. 17. Employ-
ing S1, they modeled the internal electric field of Eq. (11) using
PN and GN models (using in both cases GN to model the unper-
turbed Hamiltonian) and found that these two results for YbF differ
by ∼0.9%.

Meanwhile, in Fig. 2, the nuclear size effects on Ws are shown.
The contributions from each of the nuclei are shown, as well as
the total values of Ws, represented by hatched blocks. The contri-
butions associated with the nuclei of the coinage metals become
increasingly important as their atomic number increases. Moreover,

FIG. 1. Graphical representation of W d (S2) for YbCu, YbAg, and YbAu using PN
and GN models. Results obtained on the FSCCSD/v2z level of theory, correlating
all the electrons and using a virtual space cutoff of 3000Eh.
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FIG. 2. Contributions to W s for YbCu, YbAg, and YbAu, arising from each nucleus,
using PN and GN models. Results obtained on the FSCCSD/v2z level of theory,
correlating all the electrons and using a virtual space cutoff of 3000Eh. The hatched
blocks correspond to the sum W s,Yb +W s,X (X = Cu, Ag, Au).

as expected, these contributions are of opposite sign to those of ytter-
bium because the gradients of the nuclear densities have opposite
directions in the region between the two nuclei. For YbAu, the two
contributions almost cancel each other out, leading to a very small
total value of Ws (see Table S4 of the supplementary material).

In all three cases, the contribution of the ytterbium nucleus is
reduced by ∼13% when going from PN to GN, while for copper,
silver, and gold, the reduction is ∼ 0.16%, ∼3.5%, and ∼20%, respec-
tively. Thus, the effect of using a finite nucleus model becomes more
significant for the heavier elements, as can be expected. The total
absolute Ws is also lower for the calculations performed using the
GN model.

C. W d: Comparison of schemes 1 and 2
It is well known that when the electric field produced only by

the nuclei is taken into account in S1, the two schemes described
in Sec. II A should yield similar results for Wd.37 While the use
of S2 is computationally less demanding, since it requires just a
single calculation per system instead of the two that are required
for each diatomic molecule, S1 allows us to examine the effective
contributions arising from each nucleus. To study those individ-
ual contributions, we present (to the best of our knowledge) the
first four-component results of Wd using the approximate effective
Hamiltonian of Eq. (12), corresponding to the use of S1.

The molecular enhancement factors Wd were computed using
both schemes (S1 and S2) on the FSCCSD/v2z level of theory,
using the PN model. Symmetric cutoffs of 500 Eh, 500 Eh, and 40 Eh
were employed for YbCu, YbAg, and YbAu (freezing 2, 4, and
56 electrons), respectively. It is worth mentioning that the differ-
ences between the values of Wd computed according to S1 and
S2 (using GN for the unperturbed Hamiltonian and the internal
electric field of the perturbation in S1) have been previously stud-
ied using two-component methods in a set of almost 30 diatomic
molecules.17

In Fig. 3, we show the differences in Wd when computed with
the two schemes for the three systems (see also Table S5 of the
supplementary material). The values of Wd for YbCu and YbAg cal-
culated using S1 are about 1.5% higher than those obtained using

FIG. 3. Graphical representation of the behavior of W d of YbCu, YbAg, and
YbAu computed using S1 and S2. For S1, the contributions from both nuclei are
shown as well as their sums (hatched blocks). These results were obtained on the
FSCCSD/v3z/PN level of theory, with a symmetric virtual space cutoff.

S2; this difference is 5% for YbAu. These differences may arise from
contributions due to two-electron interactions, which are not taken
into account in our implementation of S1 but are implicitly included
in S2, but also from our use of finite basis sets, which could lead to
different representation qualities of the different involved operators.
These contributions are on the order of 1% for molecules containing
one predominant heavy element (YbCu and YbAg), in agreement
with previous predictions.8,17,37,60

Using S1, it can be seen that the contributions to Wd from
the Yb nucleus remain almost constant for all three systems. More-
over, the contributions from the coinage metals all have opposite
signs to those coming from Yb, as is the case for the Ws factors.
This is expected since the electric fields due to the two nuclei in
the internuclear region have opposite directions, and according to
Eqs. (11) and (12), this generates opposite contributions to this
enhancement parameter. The decreasing total Wd factor from YbCu
to YbAu is due to the increasing contribution from the second
nucleus (opposite to that of the first).

D. Basis set effects
To observe how the size of the basis set influences the enhance-

ment factors, Wd (S2) and Ws were computed with double-ζ, triple-
ζ, and quadruple-ζ quality basis sets. These calculations were done
using GN models, FSCCSD method, and the (occupied and virtual)
active space cutoffs were set to ±20 Eh, ±10 Eh, and ±10 Eh, freezing
38, 64, and 82 electrons of YbCu, YbAg, and YbAu, respectively.

The plot in Fig. 4 shows the effect of increasing the basis set
cardinality on Wd (see Table S6 of the supplementary material).
Deviations of at most 3.5% are observed when this enhancement fac-
tor is calculated for YbCu and YbAg using v2z and v4z basis sets,
whereas these differences reduce to less than 0.5% when v3z and
v4z results are compared. While no apparent convergence can be
observed for the total Ws values of YbAu, this convergence can be
seen by looking at the individual contributions in Fig. 5. A similar
trend is expected for Wd.

Apart from adding contributing functions to all orbitals, it is
also possible to add only tight or diffuse functions. Tight functions
should increase the accuracy of the description of the core region
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FIG. 4. The W d (S2) enhancement factors of YbCu, YbAg, and YbAu, computed
at the FSCCSD level of theory using GN models, and employing v2z, v3z, and v4z
basis sets.

FIG. 5. The W s enhancement factors of YbCu, YbAg, and YbAu, for v2z, v3z, and
v4z basis sets, individual contributions from each nucleus. Computations were
performed at the FSCCSD level of theory, using GN models. The hatched blocks
correspond to the sum of the contributions from both elements.

of the system, while diffuse functions should improve the accuracy
of the description of the valence region of the system. For these cal-
culations, we used the cvXz basis sets, which contain higher angular
momentum tight functions, and the s-aug-vXz basis sets, which aug-
ment a diffuse function per symmetry to the vXz basis set. These

computations were done using the same computational settings as
the ones above.

The effects arising from increased accuracy in describing the
core and valence regions of the systems are small for both enhance-
ment factors. Adding tight functions has a negligible effect on
all three systems for Wd (with the largest change of 0.4%) and
Ws (with the largest change of 0.3%). Meanwhile, adding diffuse
functions reduces the parameter values slightly (with the largest
changes of 2.9% and 1.9% for Wd and Ws, respectively). Further-
more, the enhancement factors of the YbAg system are more affected
than those of YbCu. For YbAu, the addition of diffuse functions
increases the calculated Wd and decreases the Ws. Still, the relative
effects remain within 3% of the total value, as can be seen in Table
S6 and Fig. S4 of the supplementary material.

For the final calculations, the v3z basis set was used for base-
line results, and then, corrections due to basis set quality and a
better description of the core and valence regions were added. The
incompleteness of the basis sets was also taken into account in the
treatment of uncertainties.

E. Electron correlation effects
The method used so far throughout this work for calculations

of the enhancement factors was 4c Dirac–Coulomb FSCC. Other
approaches to calculate Wd (S2) and Ws have been analyzed, and

FIG. 6. W d (S2) enhancement factors of YbCu, YbAg, and YbAu computed at
DHF, MP2, and FSCC levels of theory, using GN models. These computations
were performed using the v2z basis set, and the active space cutoffs were set to
±2Eh, freezing 66, 84, and 116 electrons of YbCu, YbAg, and YbAu, respectively.

TABLE II. Enhancement factors Wd (S2) and W s of YbCu, YbAg, and YbAu computed at the DHF, MP2, and two different
FSCC levels of approach. Computations were performed using the v2z basis set and GN models.

Wd [1024 h Hz
e cm ] Ws (h kHz)

Method YbCu YbAg YbAu YbCu YbAg YbAu

DHF 9.652 7.044 3.770 −33.081 −32.547 −22.275
MP2 11.174 9.188 2.314 −38.670 −37.696 −15.822
FSCCSD 11.323 10.415 1.072 −39.162 −36.897 7.385
FSCCSDT 11.310 10.555 1.567 −39.210 −37.406 5.268
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FIG. 7. W s enhancement factors of YbCu, YbAg, and YbAu computed at the DHF,
MP2, and FSCC levels of theory, using GN models. Results from each nucleus
are given separately. The hatched blocks indicate the combined values. These
computations were performed using the same basis set and active space cutoffs
as in Fig. 6.

the results are compared in Table II and Figs. 6 and 7. These meth-
ods are DHF, Møller–Plesset up to second order (MP2), FSCCSD,
and FSCCSDT. The calculations were performed employing the
dyall.v2z basis set and GN models, and the active space cutoffs for
the post-DHF computations were set to ±2Eh, freezing 66, 84, and
116 electrons of YbCu, YbAg, and YbAu, respectively. This small
active space and basis set were used because the inclusion of triple
excitations (using the EXP-T program) is computationally expen-
sive. The DHF results differ the most from the FSCC values, while
the MP2 values are close to the FSCC results for YbCu and YbAg.
Meanwhile, going from MP2 to FSCC reduces the value of Wd for
YbAu by a factor of two and reverses the sign of Ws.

Including the triple excitations in the FSCC calculations has
only a minor effect on the enhancement factors of YbCu and YbAg,
but increases the Wd and decreases the Ws of YbAu significantly,
in line with the enhanced sensitivity of these systems to the other
computational parameters. It should be pointed out that due to the
small size of the basis set, the contribution of the triple excitations
should be considered as an order-of-magnitude estimate, rather than
an accurate prediction. The differences between the FSCCSD and
FSCCSDT methods will be used to estimate the uncertainty due to
the neglect of the higher excitations in Sec. IV G.

F. Influence of molecular geometry
1. Bond length corrections

The equilibrium bond lengths used in all the calculations of the
enhancement factors reported so far were obtained in Sec. III, as no
experimental bond lengths are available for the systems considered
in this work.

To investigate the influence of the bond lengths on the
enhancement factors, these parameters were computed at the calcu-
lated equilibrium internuclear distances reported in Sec. III (using
S2 for Wd), as well as at 0.05 and 0.1 Å larger and smaller inter-
nuclear distances. These computations were performed on the
FSCCSD/v2z/GN level of theory, and the (occupied and virtual)
active space cutoffs were set to ±100Eh, ±100Eh, and ±95Eh, freez-
ing 12, 20, and 28 electrons of YbCu, YbAg, and YbAu, respectively.
The results are given in Table III. The absolute values of both
enhancement factors of YbCu and YbAg decrease from the val-
ues at equilibrium bond lengths by less than 1.8% for the larger
internuclear distance and increase by 2.2% at most for the smaller
bond length. For YbAu, the deviations are significantly larger,
up to 64%.

Given the strong (and almost linear) dependence of the
enhancement factors on the internuclear distances (see Table III),
the bond lengths of YbCu, YbAg, and YbAu were re-optimized so
that some effects that were not accounted for previously (especially
perturbative triple excitations and a larger active space) can be con-
sidered. Since there are no experimental internuclear distances for
our systems, we first analyzed six molecules for which there are avail-
able measurements with which our optimizations can be compared:
YbX (X = F, Cl, Br)61 and YAu (Y = Be, Mg, Ca).62–64 These opti-
mizations were performed using the Molpro package,65,66 using a
spin-free X2C Hamiltonian, ANO-RCC basis sets (with an effective
cardinality larger than quintuple-ζ),67–70 and treating electron cor-
relation effects by using the single-reference coupled-cluster method
with a full treatment of single and double excitations and perturba-
tive treatment of triple excitations [CCSD(T)], correlating all virtual
orbitals and valence electronic orbitals (with a cutoff of −55 a.u.).
The use of a scalar-relativistic framework is justified here as these
molecules are studied in the X 2Σ+1

2
states. Our tests showed that the

differences due to the neglect of spin–orbit effects are below 0.01 Å,
i.e., smaller than the effects of basis set size and electron correlation,
which we were trying to address.

TABLE III. Enhancement factors Wd (S2) and W s of YbCu, YbAg, and YbAu, computed at different displacements (δR) with
respect to the equilibrium bond lengths given in Sec. III. The computations were performed on the FSCCSD/v2z/GN level of
theory.

Wd [1024 h Hz
e cm ] Ws (h kHz)

δR (Å) YbCu YbAg YbAu YbCu YbAg YbAu

−0.10 12.739 11.623 0.756 −44.186 −41.423 10.193
−0.05 12.630 11.556 1.211 −43.805 −41.138 8.106
0.00 12.512 11.477 1.619 −43.390 −40.813 6.219
0.05 12.383 11.385 1.981 −42.940 −40.445 4.532
0.10 12.242 11.280 2.297 −42.451 −40.036 3.041

J. Chem. Phys. 161, 234302 (2024); doi: 10.1063/5.0235522 161, 234302-9

© Author(s) 2024

 17 D
ecem

ber 2024 12:14:38

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

In all cases, these optimized bond lengths differ by less than
0.03 Å with respect to the available experimental values, with a
mean absolute error of 0.012 Å (as can be seen in Table S11 of the
supplementary material). Therefore, we can assume that the new
internuclear distances obtained for YbCu, YbAg, and YbAu would
have a similar error range. The same method was used to re-optimize
the molecules of interest arriving at the final bond lengths of 2.7229,
2.8329, and 2.6975 Å for YbCu, YbAg, and YbAu, respectively.
By fitting the enhancement factors and internuclear distances given
in Table III with a linear function, we have corrected the values of
Wd and Ws considering the new optimized distances. The results of
these corrections are shown in Sec. IV G.

2. Vibrational corrections
The anharmonicity observed in the potential energy curves

for the ground electronic states of YbCu, YbAg, and YbAu implies
that their effective equilibrium bond lengths are slightly shifted
compared to the minimum of the potential energy curves. These
slight differences in bond lengths result in small changes in the
enhancement factors.

To compute the vibrational corrections to Wd and Ws, calcula-
tions of these enhancement factors and the potential energies were
performed for different bond lengths. The results for Ws, split up
into contributions arising from each nucleus, can be found in Fig. 8
(and also in Table S8 of the supplementary material). These values
are given as a function of the difference between the internuclear
distances and the equilibrium bond length of the corresponding
molecule. The resulting Ws,Yb/X values are shown as a percentage
compared to the results found at the equilibrium bond lengths given
in Sec. III. It can be seen that the coinage metal contributions are
significantly more sensitive to the bond-length effects compared to
the Yb contributions. This is also in agreement with the sensitivity
of the respective atoms to the description of the electronic structure,
as can be seen in Fig. 7 (and also in Table S7 of the supplementary
material).

The vibrational corrections were computed using the VIBCAL
module available in DIRAC-19.0, using a fourth-order polynomial
for the energy fitting, and employing enhancement factors calcu-
lated at the equilibrium bond length given in Sec. III, 0.01, 0.05, and
0.1 Å larger and smaller internuclear distances. Scheme 2 was used to

FIG. 8. Effect of the internuclear distance on the enhancement factor W s of YbCu,
YbAg, and YbAu. These results were obtained on the FSCCSD/v2z/GN level of
theory.

TABLE IV. Vibrational correction for both enhancement factors Wd (S2) and W s.
Results obtained on the FSCCSD/v2z/GN level of theory.

Molecule ΔvibWd [1024 h Hz
e cm ] ΔvibWs (h kHz)

YbCu −0.032 0.115
YbAg −0.024 0.086
YbAu 0.013 −0.048

compute Wd. The calculations were performed on the FSCCSD/
v2z/GN level of theory, and the active space cutoffs were set to
±100Eh, ±100Eh, and ±95Eh for YbCu, YbAg, and YbAu, respec-
tively. The vibrational corrections are listed in Table IV for both
enhancement factors, and they alter the baseline values of the
enhancement factor (obtained at Req) by <1%.

G. Final values and uncertainties
The baseline results given in Sec. IV A can now be corrected

to obtain the final values of Wd and Ws, which can also be consid-
ered as recommended values based on this work. The contributions
due to using a larger basis set, correlating all electrons, increas-
ing the virtual space cutoffs, including triple excitations in the
FSCC method, and taking into account bond length and vibrational
corrections were added to the reference baseline values. Table V and
Table S9 of the supplementary material present the values of these
different contributions and the final values.

The basis set corrections were calculated as differences between
FSCCSD calculations with active space cutoffs of ±20Eh for YbCu
and ±10Eh for YbAg and YbAu, employing the dyall.v4z and
dyall.v3z basis sets (see Table S6 of the supplementary material).

The effects arising from correlating all electrons were taken as
the differences between freezing 2, 4, and 56 electrons for YbCu,
YbAg, and YbAu respectively, and correlating all the electrons
and simultaneously increasing the virtual cutoff to 6000Eh at the
FSCCSD/v2z level of theory. A detailed analysis of the effects of
the active correlation space size is also available in Sec. I of the
supplementary material.

The corrections due to the inclusion of higher excitations were
taken as the differences between FSCCSDT and FSCCSD calcula-
tions, employing v2z basis sets and energy cutoffs of ±2Eh. Finally,
the effects arising from the corrected bond lengths were taken as
described in Sec. IV F 1, and the vibrational effects were extracted
from Table IV.

To provide conservative and reliable uncertainties for these
enhancement factors, a treatment similar to that given in Refs. 52,
71, and 72 was employed. The uncertainties obtained from the
discussed considerations are given in Table VI and Table S10 of
the supplementary material and analyzed individually in Subsec-
tions IV G 1–IV G 5.

1. Basis set
The uncertainties arising from the basis sets used in the cal-

culations have three different sources: (i) the general quality of the
basis sets (related to their cardinality), (ii) the number of extra tight
functions, and (iii) the number of diffuse functions employed.

The overall quality of the basis sets affects the uncertainty of
the final results because they cannot be considered fully converged
at the v4z level. The baseline values are corrected by adding the
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TABLE V. Final values of Wd (S2) and W s for YbCu, YbAg, and YbAu, using GN models. The various corrections to the
baseline values are assumed to be independent of each other.

Wd [1024 h Hz
e cm ] Ws (h kHz)

YbCu YbAg YbAu YbCu YbAg YbAu

Baseline values 13.122 11.869 1.326 −47.647 −44.361 6.979

Corrections

Bond length 0.078 0.045 0.347 −0.272 −0.180 −1.613
Vibrational effects −0.032 −0.024 0.013 0.115 0.086 −0.048
Basis set cardinality (v4z vs v3z) 0.020 0.035 0.192 −0.269 −0.239 −0.983
Extra diffuse functions (s-aug-v3z vs v3z) −0.001 −0.005 −0.033 0.002 0.012 0.143
Extra tight functions (cv3z vs v3z) 0.000 0.001 0.005 0.000 −0.006 −0.024
Active spacea 0.149 0.135 0.016 −0.517 −0.483 1.478
Higher excitationsb −0.013 0.139 0.495 −0.047 −0.509 −2.117

Final values 13.323 12.195 2.361 −48.635 −45.680 3.815
aAll-electron/+6000Eh vs ±500Eh (except for YbAu, where ±40Eh was the reference), with the v2z basis set.
bFSCCSDT vs FSCCSD calculations, with an active space cutoff of ±2Eh and the v2z basis set.

TABLE VI. Various sources of uncertainty for Wd (using S2) and W s of YbCu, YbAg, and YbAu. The uncertainties are
assumed to be independent of each other.

∣δWd∣ [1024 h Hz
e cm ] ∣δWs∣ [h kHz]

Uncertainty source YbCu YbAg YbAu YbCu YbAg YbAu

Bond lengtha 0.129 0.092 0.362 0.451 0.368 1.686

Basis set

Basis set cardinality (v4z–v3z) 0.020 0.035 0.192 0.269 0.239 0.983
Extra diffuse functions (s-aug-v3z–v3z) 0.001 0.005 0.033 0.002 0.012 0.143
Extra tight functions (cv3z–v3z) 0.000 0.001 0.005 0.000 0.006 0.024

Electron correlation

Virtual space cutoffb 0.019 0.016 0.005 0.061 0.054 0.003
Higher excitationsc 0.007 0.070 0.248 0.024 0.255 1.059

Sum of Ws approximation ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0.059 0.308 1.313

Total uncertainty (
√
∑i (δiWd/s)2)

Absolute uncertainty 0.132 0.122 0.480 0.532 0.596 2.584
Relative uncertainty (%) 1.0 1.0 20.3 1.1 1.3 67.7

aCalculated as ∣Wd/s(Req + 0.05 Å) −Wd/s(Req)∣. Values taken from Table III.
bTaken as 0.5 of the difference between FSCCSD calculations using all-electron/+6000Eh and all-electron/+3000Eh (employing
the v2z basis set).
cTaken as 0.5 of the difference between FSCCSDT and FSCCSD calculations, with an active space cutoff of ±2Eh and the v2z
basis set.

differences between the v4z and v3z results, as described in Sec. IV D,
and also adding the differences between the s-aug-v3z and v3z
results and between the cv3z and v3z values.

For both parameters, the uncertainties in basis set quality are
seen to mainly arise from the differences between the v4z and v3z
results. These differences are taken as the uncertainties related to the
basis set cardinality.

The uncertainties due to the possible insufficient amount of
tight functions were taken into account as the differences between

the cv3z and v3z results. Finally, the differences between the
s-aug-v3z and v3z values were taken as the uncertainties in the
treatment of diffuse functions.

2. Electron correlation
Electron correlation is affected by the chosen (occupied and vir-

tual) active space cutoffs, along with the rank of excitations taken
into account. To account for the frozen orbitals in the baseline cal-
culations, the results provided in Table S1 and Figs. S1 and S2 of the
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supplementary material are used. The differences in enhancement
factors between correlating all electrons and freezing 2, 4, and 56
electrons for YbCu, YbAg, and YbAu, respectively, were used to cor-
rect the baseline values, as shown in Table V; we thus do not assign
uncertainties related to not correlating all the electrons.

The corrections for the limited virtual space cutoff that is used
in the baseline calculations are taken as the differences between
the obtained values at virtual space cutoffs of 6000Eh and 500Eh
for YbCu and YbAg and between 6000Eh and 40Eh for YbAu. The
v2z basis set was used in these calculations, and the results are shown
in Table V and also in Table S2 and Fig. S3 of the supplementary
material.

To account for the effects of higher-lying virtual orbitals, half
of the differences between the results obtained using virtual space
cutoffs of 6000Eh and 3000Eh were taken as additional uncertainties
(see Table VI).

The baseline values do not take into account triple excitations.
The differences between the results obtained using FSCCSDT and
FSCCSD methods, as described in Sec. IV E, were used to correct
this omission. Since these results may not be fully converged yet, the
effect of including triple excitations is used to estimate the uncer-
tainty arising from not including quadruple and higher excitations,
by multiplying by one-half the difference between the FSCCSDT and
FSCCSD results.

3. Geometry
Inaccuracies in the calculated values of internuclear distances

contribute to the enhancement factors’ uncertainties. Based on our
benchmark geometry calculations discussed in Sec. IV F 1, we
conservatively set the uncertainty in the bond length to 0.05 Å

TABLE VII. Reference values of Wd and W s for YbCu, YbAg, and YbAu compared to other ytterbium-containing molecules
and systems currently or previously investigated experimentally to determine the lowest upper limits on de and ks.

System Source Wd [1024 h Hz
e cm ] Ws (h kHz)

YbCu This work 13.32(13) −48.63(53)
YbAg This work 12.19(12) −45.68(60)
YbAu This work 2.36(48) 3.81(258)

YbOH Reference 51 11.32(48)
Reference 76 11.47
Reference 77 8.54a; 11.4b −30.8c; −41.2d

Reference 78 11.550 −41.318
Reference 79 11.3a; 11.3b −40.9c; −40.9d

YbCH3 Reference 52 13.80(35) −50.16(127)
YbOCH3 Reference 80 11.6
YbF Reference 81 12.16

Reference 82 −41.2
Reference 83 11.64
Reference 84 11.17(89)
Reference 85 11.23 −40.52(324)
Reference 60 10.0c; 9.9a; 11.6d; 11.4b

Reference 17 9.65c; 9.55a; 11.5d; 11.4b −34.6c; −41.2d

Reference 79 11.2a; 11.3b −40.6c; −40.9d

HfF+ Reference 86 5.49 20.0
Reference 79 5.66a; 6.36b 20.7c; 23.4d

ThO Reference 87 20.31 116
Reference 79 19.9a; 24.1b 116c; 141d

BaF Reference 88 3.64
Reference 89 3.52
Reference 90 2.5
Reference 82 9.7
Reference 60 2.9c; 2.9a; 3.3d; 3.3b

Reference 17 2.91c; 2.87a; 3.33d; 3.28b 7.58c; 8.67d

Reference 91 3.15(30) 8.35(70)
Reference 71 3.13(12) 8.29(12)
Reference 79 3.02a; 3.24b 7.98c; 8.61d

aZORA, complex generalized Kohn–Sham. Wd with S2.
bZORA, complex generalized Hartree–Fock. Wd with S2.
cZORA, complex generalized Kohn–Sham. Wd with S1.
dZORA, complex generalized Hartree–Fock. Wd with S1.

J. Chem. Phys. 161, 234302 (2024); doi: 10.1063/5.0235522 161, 234302-12

© Author(s) 2024

 17 D
ecem

ber 2024 12:14:38

https://pubs.aip.org/aip/jcp
https://doi.org/10.60893/figshare.jcp.c.7568961
https://doi.org/10.60893/figshare.jcp.c.7568961
https://doi.org/10.60893/figshare.jcp.c.7568961


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

and calculate the enhancement factors for internuclear distances
±0.05 Å around Req (see Table III). The resulting differences were
taken as the uncertainties associated with the molecular geometry.

4. Sum of atomic W s approximation
Since the interaction constants ks,K in Eq. (19) are specific to

each nucleus, calculating the total Ws value as a sum of the atomic
contribution is only approximate and introduces an associated error.
We analyze this error in detail in an upcoming publication.73 Here,
we provide the resulting uncertainties of 0.059 h kHz, 0.308 h kHz,
and 1.313 h kHz for YbCu, YbAg, and YbAu, respectively. We note
that the specific errors differ for each isotopologue. Therefore, here,
we use the isotopic average weighted by the natural abundances of
all constituting elements.

5. Total uncertainty
To compute the total uncertainties for the reference values of

the enhancement factors of YbCu, YbAg, and YbAu, the Euclidean
norm of the individual uncertainties is taken. These total uncertain-
ties are obtained on the assumption that the different contributions
are largely independent since they concern high-order effects.

The relative uncertainties for Ws are similar to those found for
Wd. For these systems, the enhancement factors are dominated by
the uncertainty on the bond lengths, followed by the uncertainties
due to missing higher CC excitations and, to a smaller degree, by
the basis set incompleteness. The calculated values of Ws and Wd
of YbCu and YbAg have uncertainties of about a single percent. A
similar computational approach yielded uncertainties of 2%–7% for
the enhancement factors of BaF,71 BaCH3, YbCH3,52 and LaO, LaS,
and LuO.72

The results for YbAu have significantly higher relative uncer-
tainties than those of the other two systems. Both enhancement
factors of this system are relatively small due to a cancellation of
large similar-sized contributions from the two constituent atoms,
rendering them very sensitive to computational settings and leading
to large relative uncertainty.

H. Comparison with other systems
The calculated enhancement factors are compared to those

found for other ytterbium-containing molecules in Table VII. In
addition, some of the systems currently used in experiments aiming
to restrict the lowest upper limit on the eEDM were added.11,12,74,75

The Wd and Ws factors of YbCu and YbAg are of similar magni-
tude to those found for YbOH, YbCH3, YbOCH3, and YbF. Both
enhancement factors of YbAu are significantly smaller than those
found for any other ytterbium-containing systems.

Since both the interactions of the eEDMs with electromagnetic
fields and the S-PS-ne neutral-current interactions may contribute
to an eventual experimental detection of P, T -violating effects in
molecules, these two types of interactions should be decoupled from
each other. This can be done by performing measurements on sys-
tems with different enhancement factor ratios.17 For the systems
studied in this work, and some other molecules currently and pre-
viously under investigation, these ratios can be calculated from the
values of enhancement factors reported in Table VII.

V. CONCLUSION
Interpretation of experiments that search for P, T -violating

effects arising from both the interactions between eEDMs and elec-
tromagnetic fields and the S-PS-ne neutral-current interactions in
molecules requires knowledge of the Wd and Ws enhancement
factors, which can only be obtained through molecular electronic
structure computations. In this work, these parameters were com-
puted for the YbCu, YbAg, and YbAu systems, selected due to
their possible experimental advantages. The enhancement factors
Wd were calculated using two different schemes. This study con-
firms that, as indicated by previous predictions and studies,8,17,37,60

the two-body contributions to Wd represent only about 1% of its
value in the case of systems with a predominance of one heavy
element (YbCu and YbAg) but reach up to 5% for YbAu, formed
from two heavy elements. In addition, a thorough uncertainty anal-
ysis was performed to assign a conservative error to the obtained
results.

The final values were calculated using the FSCC method and
the 4c DC Hamiltonian in conjunction with relativistic basis sets.
The main contributing sources of uncertainty are due to the limited
basis set size and the neglect of CC excitations beyond triples.

The obtained enhancement factors of YbCu and YbAg are of
very similar size to other Yb-containing compounds investigated in
the literature. In the case of YbAu, the cancellation of the contribu-
tions arising from the two nuclei in the system leads to vanishingly
small total Wd and Ws values. For YbCu and YbAg, the results are
also of similar size as for other systems currently investigated exper-
imentally to search for signs of P, T -violating effects. Compared
to YbF and YbOH, the alternate method of producing and cooling
these systems provides an alternative route for future experiments
setting a new lowest upper limit on the eEDM.

SUPPLEMENTARY MATERIAL

In the supplementary material, we analyze the influence of the
active space (in particular, of the energy of occupied and virtual cor-
related orbitals) on the calculation of Wd and Ws. We also present a
set of tables where we report the values of these parameters using dif-
ferent nuclear models, different schemes corresponding to the use of
the two effective Hamiltonians described in this work (for the case of
Wd), and a few different basis sets. In addition, tables are provided
showing the dependence of the molecular enhancement factors on
the use of different methods to treat electron correlation and vibra-
tional effects and also the contributions to Wd and Ws associated
with each nucleus of the studied molecular systems.
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73L. F. Pašteka, I. A. Aucar, S. Hoekstra, and R. Timmermans, “Error analysis of
the P, T -odd nucleon-electron interaction in diatomic molecules” (unpublished)
(2025).
74J. Lim, J. R. Almond, M. A. Trigatzis, J. A. Devlin, N. J. Fitch, B. E. Sauer,
M. R. Tarbutt, and E. A. Hinds, “Laser cooled YbF molecules for measuring the
electron’s electric dipole moment,” Phys. Rev. Lett. 120, 123201 (2018).
75NL-eEDM Collaboration et al., “Measuring the electric dipole moment of the
electron in BaF,” Eur. Phys. J. D 72, 197 (2018).
76V. S. Prasannaa, N. Shitara, A. Sakurai, M. Abe, and B. P. Das, “Enhanced sen-
sitivity of the electron electric dipole moment from YbOH: The role of theory,”
Phys. Rev. A 99, 062502 (2019).
77K. Gaul and R. Berger, “Ab initio study of parity and time-reversal violation in
laser-coolable triatomic molecules,” Phys. Rev. A 101, 012508 (2020).
78A. Zakharova, I. Kurchavov, and A. Petrov, “Rovibrational structure of the ytter-
bium monohydroxide molecule and the P,T-violation searches,” J. Chem. Phys.
155, 164301 (2021).

79K. Gaul and R. Berger, “Global analysis of C P-violation in atoms, molecules and
role of medium-heavy systems,” J. High Energy Phys. 2024, 100.
80C. Zhang, X. Zheng, and L. Cheng, “Calculations of time-reversal-symmetry-
violation sensitivity parameters based on analytic relativistic coupled-cluster
gradient theory,” Phys. Rev. A 104, 012814 (2021).
81N. S. Mosyagin, M. G. Kozlov, and A. V. Titov, “Electric dipole moment of the
electron in the YbF molecule,” J. Phys. B: At., Mol. Opt. Phys. 31, L763 (1998).
82M. K. Nayak, R. K. Chaudhuri, and B. P. Das, “Ab initio calculation of the
electron-nucleus scalar-pseudoscalar interaction constant WS in heavy polar
molecules,” Phys. Rev. A 75, 022510 (2007).
83M. K. Nayak and R. K. Chaudhuri, “Re-appraisal of the P,T-odd interaction
constant Wd in YbF: Relativistic configuration interaction approach,” Pramana
73, 581–586 (2009).
84M. Abe, G. Gopakumar, M. Hada, B. P. Das, H. Tatewaki, and D. Mukherjee,
“Application of relativistic coupled-cluster theory to the effective electric field in
YbF,” Phys. Rev. A 90, 022501 (2014).
85A. Sunaga, M. Abe, M. Hada, and B. P. Das, “Relativistic coupled-cluster cal-
culation of the electron-nucleus scalar-pseudoscalar interaction constant Ws in
YbF,” Phys. Rev. A 93, 042507 (2016).
86T. Fleig, “P, T -odd and magnetic hyperfine-interaction constants and excited-
state lifetime for HfF+,” Phys. Rev. A 96, 040502 (2017).
87L. V. Skripnikov, A. N. Petrov, and A. V. Titov, “Communication: Theoretical
study of ThO for the electron electric dipole moment search,” J. Chem. Phys. 139,
221103 (2013).
88M. G. Kozlov, A. V. Titov, N. S. Mosyagin, and P. V. Souchko, “Enhancement
of the electric dipole moment of the electron in the BaF molecule,” Phys. Rev. A
56, R3326–R3329 (1997).
89M. K. Nayak and R. K. Chaudhuri, “Ab initio calculation of P,T-odd interaction
constant in BaF: A restricted active space configuration interaction approach,”
J. Phys. B: At., Mol. Opt. Phys. 39, 1231 (2006).
90E. R. Meyer, J. L. Bohn, and M. P. Deskevich, “Candidate molecular ions for an
electron electric dipole moment experiment,” Phys. Rev. A 73, 062108 (2006).
91K. Talukdar, M. K. Nayak, N. Vaval, and S. Pal, “Relativistic coupled-cluster
study of BaF in search of C P violation,” J. Phys. B: At., Mol. Opt. Phys. 53, 135102
(2020).

J. Chem. Phys. 161, 234302 (2024); doi: 10.1063/5.0235522 161, 234302-16

© Author(s) 2024

 17 D
ecem

ber 2024 12:14:38

https://pubs.aip.org/aip/jcp
https://doi.org/10.1021/jp031064&tnqx2b;
https://doi.org/10.1021/jp031064&tnqx2b;
https://doi.org/10.1021/jp0581126
https://doi.org/10.1021/jp803213j
https://doi.org/10.1063/5.0047344
https://doi.org/10.1103/physreva.110.042806
https://doi.org/10.1103/physrevlett.120.123201
https://doi.org/10.1140/epjd/e2018-90192-9
https://doi.org/10.1103/physreva.99.062502
https://doi.org/10.1103/physreva.101.012508
https://doi.org/10.1063/5.0069281
https://doi.org/10.1007/JHEP08(2024)100
https://doi.org/10.1103/physreva.104.012814
https://doi.org/10.1088/0953-4075/31/19/002
https://doi.org/10.1103/PhysRevA.75.022510
https://doi.org/10.1007/s12043-009-0110-z
https://doi.org/10.1103/physreva.90.022501
https://doi.org/10.1103/physreva.93.042507
https://doi.org/10.1103/physreva.96.040502
https://doi.org/10.1063/1.4843955
https://doi.org/10.1103/physreva.56.r3326
https://doi.org/10.1088/0953-4075/39/5/02/5/020
https://doi.org/10.1103/physreva.73.062108
https://doi.org/10.1088/1361-6455/ab84c8

