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Ultralong-range Rydberg molecules, composed of an excited Rydberg atom and a ground-state atom, are
characterized by large bond lengths, dipole moments, sensitivity to external fields, and an unusual binding
mechanism based on low-energy elastic electron scattering. Although Rydberg molecules formed between alkali
atoms have received the most attention, the additional complexity found in atoms with more than a single
valence electron poses new theoretical challenges as well as new possibilities for control and design of the
molecular structure. In this paper, we extend the theory of Rydberg molecules to include the additional spin
coupling of the Rydberg states of a multivalent atom. We employ this theory to describe the properties of
Rydberg molecules composed of mercury atoms. We calculate the potential energy curves of both heteronuclear
(Hg*Rb) and homonuclear (Hg*Hg) molecules. In the former case, we propose the realization of long-range spin
entanglement and remote spin flip. In the latter, we show how long-lived metastable molecular states of Hg*Hg

exist as resonances above the dissociation threshold.
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I. INTRODUCTION

Mercury has played diverse roles in scientific discovery
and application over the centuries. It served as the fluid in
thermometers in its liquid form, provided the first indication
of superconductivity in its solid form and recently has found
utility as a dilute ultracold gas in the context of atomic clocks
and high precision measurements [1-7]. Mercury is the heav-
iest element with stable isotopes to be laser cooled, and it
has been magneto-optically trapped both individually [8—11]
and simultaneously with Rb in a dual-species magneto-optical
trap [12,13]. Its heavy mass and large atomic number make it
a promising candidate for electron dipole moment searches
[14—18]. The electronic spectrum of Hg has been measured
across a wide range of excited states and for a variety of term
symmetries [19-24].

Atoms excited to high principal quantum number n ex-
hibit unique properties: They are giant, long-lived, and very
polarizable. These attributes not only broaden our fundamen-
tal understanding of atomic physics [25] but also position
Rydberg atoms as promising candidates for groundbreaking
applications, notably in the realm of quantum computation
[26-29] and quantum simulations [30,31]. A particularly
fascinating aspect of Rydberg physics is the formation
of ultralong-range Rydberg molecules in ultracold gases.
Formed through the coupling of a Rydberg atom and a ground-
state atom via Rydberg electron scattering, these molecules
were first predicted in the early 2000s [32] and first ob-
served in 2009 [33]. The investigation of Rydberg molecules
has since evolved to include more sophisticated theoretical
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treatments, for example, those including higher-order scat-
tering effects [34,35], the coupling of electronic and nuclear
spins and the fine and hyperfine structure of the constituent
atoms [36,37], and the manipulation of these molecules via
external field control [38—42]. Rydberg molecules with many
atomic constituents can also be formed, as the Rydberg elec-
tron can mediate interactions between the Rydberg atom
and several ground-state atoms, as in a polyatomic molecule
[43-46], or with hundreds or even thousands of atoms, form-
ing a Rydberg polaron [47-49], or with polar molecules
[50-52].

Most of these studies of Rydberg molecules have focused
on their formation from alkali-metal atoms due to the rela-
tive simplicity of manipulating and describing single-electron
Rydberg series. Recently, interest in alkaline-earth-metal and
other divalent atomic species has steadily grown. Rydberg
molecules have been photoassociated in Sr [46,53-56], and
Rydberg molecules featuring perturbed multichannel spectra
in Ca and Si have been proposed [57]. More broadly, divalent
Rydberg atoms, particularly Sr and Yb [58-62], have become
promising candidates for quantum applications involving Ry-
dberg atoms. Furthermore, the promise of exciting results on
quantum magnetism motivates the extension of theoretical
tools to even more complex lanthanide atoms, like Er [63] or
Ho [64].

In this article, we propose to include Hg in the study
of Rydberg molecules. Mercury is a divalent atom, but its
spectrum is confirmed experimentally to be predominantly
single-channel in character. It serves therefore as a good
candidate for extending the spin-coupling formalism devel-
oped for alkali-metal atoms [36] to include additionally the
two-electron Rydberg state, without additional complications
stemming from multichannel coupling [65]. We first show that
the Rydberg electron of an ultralong-range Rydberg molecule
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can mediate an interaction between the residual valence elec-
tron of the divalent Rydberg atom and the valence electron
of the ground-state atom. This occurs if the singlet-triplet
splitting of the Rydberg atom becomes comparable to the
hyperfine splitting of the ground-state atom and entangles the
spins of the valence electrons of the two very distant atoms.
As a specific example, we study the heteronuclear Hg*Rb
Rydberg molecule, but such a mechanism should be generally
present in molecules involving one divalent Rydberg atom.
Second, we show that divalent atoms add to the diversity
of Rydberg molecule structure when they are included as
the ground-state atom. Through the study of the homonu-
clear Hg*Hg molecule, we show how Rydberg molecules
can emerge as resonances above the dissociation threshold
due to the interplay between positive electron-atom scattering
lengths and the oscillatory structure of the potential curves.
We also illustrate how Rydberg molecule spectroscopy is, in
general, a useful tool to extract low-energy scattering infor-
mation, since various molecular states are sensitive to small
changes of the e + Hg scattering properties.

The structure of this article is the following. Section II first
introduces the relevant quantum numbers, focusing mainly
on the heteronuclear Hg*Rb molecule. Next, it sketches the
derivation of the Hamiltonian, in which we transform the
Rydberg and the scattering part into a common frame in order
to include the spin-orbit coupling in the electron scattering.
We then show the results of the Hamiltonian diagonalization
in Sec. III. We conclude in Sec. IV.

II. THEORETICAL METHODS

A. Quantum numbers and coupling schemes

Let us begin by introducing the quantum numbers of the
Rydberg molecule. We build a general model for the Rydberg
atom in LS coupling bound to an arbitrary ground-state atom
“perturber,” keeping in mind that we will use it for Hg*Rb
and Hg*Hg molecules. The Hg*Rb ultralong-range Rydberg
molecule is sketched in Fig. 1. The electrons in Hg form an
ionic core with two outer valence shells—one fully occupied
by 5d'° electrons and one with a remaining 6s electron. The
outer valence electron has an electronic spin s, (spin projec-
tion m,,) and orbital angular momentum /. = 0. As we discuss
later, despite this additional electronic substructure, the Ry-
dberg states of Hg are well described in a single-channel
picture in which the Rydberg electron is characterized by the
principal quantum number n, its orbital angular momentum
[} and its projection onto the internuclear axis my,, and its
electronic spin quantum numbers s; and m;,, . We couple the
total electronic spin and total orbital angular momenta of the
two valence electrons to form a state of total angular momen-
tum J, |[({.l1)L(s.s1)S1IMj), as Rydberg states of Hg are well
described in LS coupling. The perturber, located a distance R
from the core, has a nuclear spin i, and an electronic spin s;. In
the frame of the perturber, the Rydberg electron has an orbital
angular momentum L,; since the electron scatters at a very
low energy, only partial waves L, < 1 need to be considered.
The electron-atom scattering phase shifts are, in general, char-
acterized by the total angular momentum of the negative ion
complex. For this, we couple the orbital and electronic spin
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FIG. 1. Schematic drawing of the Hg*Rb Rydberg molecule.
We show the ionic cores of both species and the relevant valence
electrons. We introduce the quantum numbers of the Rydberg atom
(in yellow) and the ground-state atom (blue). The bottom box (a) con-
tains the relevant angular momentum quantum numbers of the Hg
Rydberg atom in LS coupling and in box (b) we have the relevant
quantum numbers for the Rydberg electron scattering on the per-
turber. We discuss them in more detail in the main text.

angular momenta of the Rydberg electron and the ground-
state atom together to form a state [[(s152)S,L,1J,M. 1,0 The
projection of the total angular momentum onto the molecule
symmetry axis, mror = M; + mg, + m;,, is conserved. The
isotopes we use here are 8’Rb, with i = 3/2, s, = 1/2, and
a mass of 86.91 u, and the most common mercury isotope,
22Hg, with i, = 0, s, = 0, and a mass of 201.97 u.

The appropriate quantum numbers and coupling schemes
used to describe the system depend on the region of space
being considered. Over most of the Rydberg volume, where
the Coulomb potential dominates and the interaction of the
electron with the perturber is negligible, the Hamiltonian is
diagonal in the representation

a = [n[(l1c)L(s15:)SITMy) |mg,my,) (1)

which consists of a direct product of the Rydberg electron’s
state and the uncoupled spins of the perturber. Near the
perturber, where the Coulomb potential is locally flat and
therefore irrelevant, the wave function is better described in
a different basis set

B = |k(LpSp)IpMy, ) |l sems, ) [myy) )

where k = /2/R — 1/n? is the electron wave number as it
scatters off of the perturber.

B. The molecular Hamiltonian

The electronic Hamiltonian reads
A = Hy +V + Hur, 3)

where Hj is the Hamiltonian of the Rydberg atom, V is
the Fermi pseudopotential describing the interaction between
the Rydberg electron and the perturber, and Hyr = Al - 5,
is the hyperfine interaction, with A being the hyperfine
constant.
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TABLE 1. Fractional parts of Hg quantum defects for relevant 2*!'[; symmetries (Refs. [20-23]), averaged over measured principal

quantum numbers.

2S+]LJ lS() 3S1 1P1 3PO 3P1 3P2 lD2

D ’D> D3 'R B B ’Fy G

MLsy

0.6484 0.6943 0.0503 0.2114 0.2005 0.0984 0.0777 0.0642 0.0574 0.0451

0.0291 0.0351 0.0332 0.0263 0.00655

The Hamiltonian of the Rydberg atom H, is diagonal in the
basis |«) outlined in Eq. (1). Its diagonal elements are

1

=
2(ng — o)

“4)

where u, is the quantum defect of the state in basis |«),
which labels different sets of quantum numbers (in our case
S, L, and J). In general, the quantum defects depend on the
term symbol of the Rydberg atom, but in multivalent atoms
they can also depend strongly on n when different fragmen-
tation channels are coupled due to level perturbations from
doubly excited states. From the Hg ground state (54'°6s?), a
Rydberg state can be created by exciting any of the valence
shell (6s or 5d) electrons. But, as shown in Ref. [68], a
5d electron excited to the Rydberg state ends above the 6s
ionization threshold. Low-lying doubly excited states where
both of the s-shell electrons are excited have been reported,
which cause small perturbations mainly to low-lying (n = 9)
6snp(1P1) states, coupled to 5d96s26p(1Pl) [69]. For the high
(n > 20) principal quantum numbers most relevant for Ryd-
berg molecules, the lack of high-lying doubly excited states
in Hg implies that its quantum defects only weakly depend on
n and subsequently that it can be treated as a single-channel
element to a good approximation. We note in passing that
energy-independent quantum defects are a necessary but not
sufficient condition to rule out channel coupling; measured
g factors in the ' P, and 3P, series do indicate mixing between
these states on the order of 10%. As this mixing will affect
the amplitude of different radial components and hence the
depth of the potential wells, such multichannel effects can
play a nontrivial role in the molecular physics even though
the quantum defects are relatively energy independent. As
we have neglected this effect here, one should bear in mind
that the depths of PECs of predominantly P character may be
affected by this mixing.

The quantum defects of even-parity S and D states
(Ref. [20]), odd-parity P states (Ref. [21]), and F' (Ref. [22])
and even G (Ref. [23]) states have all been measured in Hg.
Table I presents the average fractional parts of these quan-
tum defects. Due to the weak n dependence of the quantum
defects, the arithmetic average was taken over all of the mea-
sured n levels. The large atomic number of Hg leads to a
significant spin-orbit coupling. Apart from the S states and 3 P
series, most of the quantum defects are smaller than 0.1, which
results in the accumulation of a dense spectrum of energy
levels with small splittings red-detuned from the hydrogenic
threshold.

The interaction V is given by the Fermi pseudopotential
[70], generalized to higher partial waves by Omont [71], and
for singlet S, = 0 and triplet S, = 1 electronic states takes the

form

Vs, =21 Y L, + D@ (S,L, )V - 83 F — R)V 7,
L,

®)

where a “(Spr, k) is a (momentum) k-dependent scat-
tering length for L, =0 and scattering volume for L, =
1. They are computed from the scattering phase shifts via
a?lr (S, Ly, k) = —m,fif# There is a p-wave shape res-
onance in the low-energy electron-atom scattering cross
section in the majority of atomic species used in Rydberg
molecules. This makes the contribution of the p-wave scatter-
ing more dominant than typically expected in the low-energy
region relevant to Rydberg molecule formation. In the case of
Hg, the phase shifts were calculated in Ref. [67] via solution
of Dirac-Fock scattering equations using static and dynamic
multipole polarization potentials. These are reproduced in
Fig. 2, where we used the effective range theory to interpolate
between the reported scattering phase shifts and the calculated
zero-energy scattering length. To avoid any numerical insta-
bility arising from the divergent scattering volume as k — 0,
we impose a cutoff energy kyin = 0.0001a, ! below which we
set the the p-wave phase shifts to be energy independent. This
cutoff does not influence the potential curves as the p-wave
contribution is in any case negligible at the large R where
this occurs. The Rb phase shifts have been calculated by
Fabrikant and coworkers [72] and slightly modified following
spectroscopic information obtained from Rydberg molecules
[66]. The sign of the scattering length is important to deter-
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FIG. 2. Scattering phase shifts of an electron interacting with Rb
(upper panel) and Hg (bottom panel). The Rb scattering data was
taken from Ref. [66], while the Hg-e~ phase shifts were extracted
from Ref. [67]. The latter phase shifts were linearly extrapolated to
match the zero energy scattering length. The legends give the atomic
terms of the electron coupled to the perturber, i.e., *»*'L,, (not to
be confused with the Rydberg atom term).
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mine whether the interaction potentials in the molecule will be
attractive or repulsive. In contrast to the large negative triplet
zero-energy scattering length of Rb (—15.2 ag as reported in
Ref. [66]), the zero-energy scattering length of Hg is small
and positive (1.87 ap as reported in Ref. [67]). One more
difference between the two species is that the position of the
p-wave shape resonance in Rb is much lower in energy than it
is in Hg. Thus the shape resonance in Hg only contributes at
much smaller internuclear distances.

The mentioned scattering phase shifts on both Rb and Hg
are J, dependent, as they account for the spin-orbit coupling
of the electron and perturber. Thus we will express the pseu-
dopotential in the 8 basis set of Eq. (2). We mediate the frame
transformation following the derivation from Ref. [36] and the
detailed derivation is presented in the Appendix. It provides
the matrix form of the J,-dependent pseudopotential (with J,-
dependent scattering length and volume a2 +1(S,L,J,, k)).
To arrive at this form, we calculate the matrix element of
the potential on the wave function [given in the fully uncou-
pled representation in the Appendix, Eq. (AS)]. The spatial
part of this wave function is of the form anLS‘]Jlm/l (I?) =

uss iy (R 5 wesin (R) . .
%Y,ml (R), where % is the radial Rydberg wave
function, which can be expressed using Whittaker functions

[65] and spherical harmonics Y;]ml1 (R). In the « basis the
pseudopotential takes the form V = AUA", where the matrix
elements are defined as

2L, + 1)
—da

Usp = 8pp — 5" SyLplp. b). (6)

containing the scattering part, and

A — Zb QnLS‘”]m’I CSpMjp—MLp ‘IIIMJ]J
ap Lpy3L,My, s1Mj, =My, —m, ,s3ms, ~L,My,,,S,M;,—My,
ML,,
SM;—M, JM, LM
Comy—my,— Com, sty—my, Coonty, o, 7
Sy Lp —Mse s ScMs, LpsoMy Lp ~OMpy,temy,

containing all Clebcsh-Gordan coefficients emerging from the
spin recouplings along the derivation. It resembles a frame
transformation, mediating change in the representation of the
pseudopotential from basis B8 to «. We define the constant

by = V52~ and

_4r
2L,+1

nlLSJl, my,

- = 9L,
Qoo™ (R) = b, [V @ussrim, RV . (®)

Our model can be modified to accommodate Rydberg atoms
which are better described in the JJ coupling scheme. The
structure of the frame transformation and interaction potential
would remain the same, but the Clebsch-Gordan coefficients
in A would change to account for the different coupling
scheme. We diagonalize the Hamiltonian whose matrix ele-
ments were derived here for both hetero- and homonuclear
molecules.

III. NUMERICAL RESULTS AND DISCUSSION

In the following calculations, we use the quantum defects
from Table I. We diagonalize the Hamiltonian in a basis in-
cluding four principal quantum number of interest manifolds
— one above and two below the hydrogenic manifold, because
it guarantees a reasonable basis size for reliable results [36].
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FIG. 3. Potential energy curves of Hg*Rb molecules with total
spin projection myor = 0. The zero of energy is set to the n hy-
drogenic energy. The expected values of the Rydberg atomic term
are indicated with the color code—from greens (S) to light blues or
gray (F, G). L indicates higher angular momentum than 4. We label
dissociation thresholds where space allows.

We express the Rydberg wave functions in terms of Whittaker
functions for L < 4 and hydrogen functions for L > 4.

A. Hg*Rb

We present the adiabatic potential energy curves (PECs)
of the Hg*Rb molecule with » = 30 in Fig. 3. As the total
spin projection mrgr is conserved, we show results for fixed
mror = 0. At large R, the interaction is zero and the different
thresholds can be identified by the term symbol 2% ; of the
Rydberg atom and the total hyperfine spin F' of the ground-
state atom. The clusters of PECs associated with different L
are labeled on the figure. We show the dominant contribution
of 25*11; with a discrete color code and notice mixing, espe-
cially near the avoided crossings between PECs.

In the region under the hydrogenic threshold, exception-
ally deep potential wells (in contrast to the much shallower
ones in the S and P potential curves below) can be seen.
These form because of the mixing of the many degenerate
Rydberg states of high angular momentum, which creates a
stronger perturbation for the Rydberg atom. Molecules bound
in these potential wells are the so-called trilobite molecules
[32,73], which possess very large dipole moments due to this
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FIG. 4. Potential energy curves of the Hg*Rb molecule with mror = 0 and different principal quantum numbers to argue for the possible
spin entanglement. The upper row (a)—(c) shows the change in the splitting of singlet (red) and triplet (blue) dominated states with n. For
n = 36 there in an overlap of the singlet and triplet states which we show in the bottom row. We calculate the composition of the total spin
of the perturber f (d) and the singlet and triplet S terms (e) (also indicated with percentages) to show the entanglement of spins. Finally, we
show that the mixed states host localized bound states ((d), black solid wave function and dashed eigenenergy). In the top row the zero energy
corresponds to the hydrogenic energy (with n = 30, 36 or 40) and in bottom row the zero energy is shifted to match the set of triplet states.

superposition of electronic states [74]. The linear combination
of electronic states forming the trilobite molecule attempts
to maximize the electron density at the ground-state atom.
A related state (the “butterfly”) emerges due to the p-wave
interaction. In this case, the electron density gradient at the
perturber is maximized [75]. For the singlet p-wave scat-
tering, where there is no shape resonance, this leads to the
shallow collection of potential curves descending gradually
from the hydrogenic manifold. In the case of the triplet p-
wave, the shape resonance leads to a much larger energy
shift, causing the collection of potential energy curves de-
scending steeply from the hydrogenic manifold to appear.
Since the S quantum defects are the largest, the S PECs
shift from the threshold and end up energetically degenerate
with the butterfly wells, where we notice the spin mixing at
short-range.

Particularly intriguing phenomena unfold within those
PECs, where we propose a realization of spin entanglement
which then can be used to perform remote spin-flip in the
Rydberg molecule. The splitting between those PECs is de-
termined by the interplay of the hyperfine interaction, which
splits f = 1 and f = 2 states by 6.835 GHz, and the Rydberg
eigenenergies, which grow closer together with increasing n
following n=3. At a certain n value, the energy splitting be-
tween the two hyperfine levels of Rb can almost exactly match
the splitting between singlet and triplet Rydberg levels. In the
top row of Fig. 4, we show these four potential energy curves
for three different principal quantum numbers. The different
energies match best when n = 36, which leads to a strong

mixing between the f levels of the perturber and the singlet-
triplet character of the Rydberg atom, giving molecular states
of the form

ai(R) ['So)If = 1) + a(R) 1) 1f = 2), (€))

where «;(R) indicates the amplitude of the two different spin
states and can be seen in the color code in the bottom row of
Fig. 4. This spin entanglement is particularly interesting due
to the divalent nature of Hg and the fact that the inner valence
electron constitutes to the state mixing. Since the Rydberg
core is located far away from the perturber, the mixing we
propose is in fact a long-distance entanglement. Such a state
in this mixed potential curve could, for example, be excited
by working with a spin-polarized gas of Rb f = 2 ground-
state atoms and driving a two-photon Rydberg transition to
the Rydberg triplet state. Such a molecular state is shown in
Fig. 4(d). The spin of the perturber atom in a mixed state
could be projected into the f = 1 state using photoionization,
simultaneously with a corresponding spin flip of the Rydberg
atom’s valence electron going from a spin triplet to a singlet
state.

A remote spin-flip was observed in Ref. [76] in diatomic
Rb;, Rydberg molecules, where mixing of spin states by the
perturber atom was shown to lead to a coupling between the
spin of the Rydberg electron and the spin of the ground-state
atom’s valence electron. Using a Hg Rydberg atom (or any
two-electron atom, as long as this degeneracy condition can
be met) instead has an important benefit—the Hg™ ion core
is coupled to the Rydberg electron, which in turn couples to

042816-5



WOJCIECHOWSKA, TOMZA, AND EILES

PHYSICAL REVIEW A 111, 042816 (2025)

Energy (GHz)

1 |
600 1200

Ay T I T 1 T 1 I 1 I
300 600 900 1200 1500
R (ao)

FIG. 5. Potential energy curves of the homonuclear Hg*Hg
molecule with mtor = 0, n = 25. The insets show the two different
types of vibrational states with promising applications, as discussed
in the text. In the insets the PECs are defined such that their dissocia-
tion thresholds are at zero energy. The upper inset shows vibrational
states in the PEC of a *D; Rydberg atom. The binding energies and
stability of these molecular states are highly sensitive to the p-wave
interaction, and thus serve as a probe of the Hg scattering phase
shifts. The lower inset shows an exemplary molecular resonance in
the PEC of a 3D, Rydberg atom. This state is quasibound, being en-
ergetically above the dissociation threshold but with only a vanishing
probability of tunneling decay to either small or large R.

the valence electron of the Rb ground-state atom. Thus, we
can produce entanglement between the spins of the valence
electrons of the two atomic cores even at large (~200-nm)
distances.

The entanglement allowed by this effect is highly sensitive
to the energy gap between molecular states, and the existence
of a near-degeneracy such as that pointed out here is in turn
sensitive to the chosen values of the quantum defects. As
we have approximated Hg as a single-channel element and
additionally have averaged the quantum defects over n, it may
be that a more precise calculation of the atomic spectra reveals
that this effect is no longer present. However, we emphasize
that such near-degeneracies should be widespread in different
atomic species, and as long as splittings between different
levels are small enough that they become comparable with the
depth of the potential wells, such effects should be considered.

B. Hg*Hg

Next, using the same theoretical treatment, we obtain
the energy spectrum of the homonuclear Hg*Hg Rydberg
molecule shown in Fig. 5 for mror = 0. The considered Hg
ground-state atom lacks nuclear spin and thus has no hyperfine
structure. The overall strength of the potential curves of Ryd-
berg molecules scales with the principal quantum number as
n~“%, where a lies between 5 and 6. Thus, we present results for
a smaller n = 25 here in order to increase the amplitude of the
fluctuations in the potential energy curves and compensate for
the reduced strength caused by the smaller s-wave scattering
length of Hg.

Since the zero-energy s-wave scattering length is positive,
the potential curves are repulsive whenever they are domi-
nated by the s-wave interaction. This is typically the case
at larger R, as seen in the bottom inset of Fig. 5, showing
the PEC asymptotically described by D, Rydberg term. In
the usual case, i.e., with Rb as a perturber, one can understand
the binding mechanism as being a result of the ground-state
atom finding a local maximum of electronic density and
becoming trapped in it. In contrast, with an Hg perturber,
resonant states can only exist because the ground-state atom
becomes trapped between two repulsive barriers near a node
of the electronic wave function. As long as the repulsive
barriers are sufficiently large, tunneling out of this config-
uration can be suppressed sufficiently to lead to metastable
resonant states. Indeed, we find that these potential curves
support several weakly confined metastable states lying above
the dissociation threshold. One of these is shown in the lower
inset of Fig. 5. Such a state is trapped between regions of high
electron density.

We calculated the vibrational states using the discrete
variable representation (DVR). To confirm that such states
are sufficiently long lived to be observable, we computed
lifetimes as well as resonance positions via the stabilization
technique [77]. The DVR eigenvalues are a function of the
inner and outer boundaries of the DVR box; binning these
eigenvalues produces Lorentzian peaks from which the reso-
nance parameters are extracted. From this, we confirmed that
the lifetime of the vibrational resonances shown is on the order
of that of the Rydberg atom.

Similar metastable states have been predicted to exist in
ultralong-range Rydberg trimers [78], but these were of a
“Borromean” nature where the well depths necessary to bind
the molecule occurred only due to the presence of two ground-
state atoms. We expect that metastable “above-threshold”
states such as these will be interesting to probe via scat-
tering, where they will appear as sharp resonances, or will
give insight into predissociation dynamics. Although the state
we show here appears as a type of shape resonance, lying
energetically below barriers to both directions, it would be
interesting to explore the possibility of long-lived resonances
existing at even higher energies in the continuum. These could
bear similarity with localized states to form due to quantum
interference in an oscillatory potential, either as in the context
of localization in quasiperiodic or disordered lattices [79,80]
or as bound states in the continuum [81].

Since the p-wave interaction is negative, once it becomes
similar in strength to the s-wave interaction there is a com-
petition between attractive and repulsive forces in the binding
mechanism. Close to the p-wave shape resonance and result-
ing butterfly potential energy curve, at distances around 200
a9—500 ay, this can push the potential wells below the dis-
sociation threshold. The upper inset shows a potential curve,
associated with the Rydberg ? D3 term, exhibiting this behav-
ior and two exemplary bound states. Such states may be of
particular interest to probe the collision properties of electron
scattering on the ground-state Hg as their binding energies and
lifetimes are highly sensitive to small changes in the scattering
phase shifts. One of the molecular states shown (red, top
inset, Fig. 5) leaks out of the potential well and has finite
amplitude at small R. Here nonradiative decay via coupling to
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the continuum states of lower electronic potentials can occur
leading to ¢-changing collisions and molecular ion formation
[43,82]. Using the stabilization procedure, we estimate the
lifetime of this state to be around 1200 ns.

IV. SUMMARY AND CONCLUSIONS

In this work, we developed the theoretical description of
ultralong-range Rydberg molecule composed of a divalent
single-channel Rydberg atom and a ground-state perturber.
We incorporated the spin-orbit coupling of electron scattering
on the ground-state atom. A physical system where this theory
applies is a Rydberg molecule composed of a mercury atom,
which to a good approximation does not exhibit any channel
coupling in its Rydberg series. Using the Hamiltonian diago-
nalization method, we obtained the PECs of the Hg*Rb and
Hg*Hg molecules.

The quantum defects of most symmetries of atomic Hg
have small fractional parts. This, together with the hyperfine
splitting of the Rb atom, produces many PECs which sup-
port bound states readily accessible via one or two-photon
excitation. Further away from the hydrogenic manifold, we
encounter several PECs associated with atomic § states. Here
we show how the spins of the valence electrons of both the
Hg Rydberg atom and the Rb perturber atom can be coupled
by the Rydberg electron, even across a distance exceeding
100 nm. This is possible due to the interplay of the splitting
between the Rydberg singlet and triplet energy levels and
the hyperfine splitting of the ground-state atom. This can be
tuned to near-degeneracy by varying the principal quantum
number 7.

Then, with the same theoretical toolbox, we calculated
PECs of the homonuclear Hg*Hg molecule. Because the s-
wave scattering length is positive, these molecules are unusual
in that the long-range vibrational states are metastable res-
onances lying above the dissociation threshold. These could
provide unusual scenarios to study molecular predissociation
or even more exotic phenomena such as Anderson localization
or bound states in the continuum. At smaller internuclear
distances, competition between s- and p-wave scattering leads
to potential curves which can support true molecular bound
states. These are promising candidates for probing electron
scattering properties in Hg.

Our work, on the one hand, extends the theoretical tool-
box to the general form of the frame transformation for the
pseudopotential and on the other hand, extends the known
area of the Rydberg molecules field to a new species. Those
molecules promise experimental availability, and we also plan
to apply the theoretical model to even more complex atoms
exhibiting multichannel structure and perturbed Rydberg
series [57].
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APPENDIX: DERIVATION OF THE HAMILTONIAN

The derivation of the Hamiltonian works both on the ten-
sorial form of the pseudopotential and the Rydberg wave
function intending to express the matrix elements of the po-
tential with the spin-orbit coupling. To do that we first need
to extend the Hilbert space of the pseudopotential to the elec-
tronic spin degrees of freedom. We introduce the projection

S, .S .
operator Y_,, Xy (X7 )" and write
P P P

V=2 AL D i, G, ) VSR T (AD

SI’LP MS[J

where A(S,L,, k) = 2 (2L, + 1)a*»*1(S,L,, k) with g*5r+!
(S,L,, k) being the energy- (k) dependent scattering length
when the angular momentum of the electron L, = 0 and the
scattering volume — L, = 1, and X = #— R is a vector con-
necting the Rydberg electron to the perturber (see Fig. 1).
Now, only by treating xﬁshl and VI» as tensorial sets, we
express the pseudopotential ‘as a zero-rank tensor

V=Y AL, k)8 (X)/QL, + D(2S, + D(—1) %
SyLp

< [V @ VO @ [ @ xS OO, (A2)

The emerging constants come from the definition of the
spherical tensor components in terms of Clebsch-Gordan co-
efficients: [A ® B]’; = qu_qz AqquzC{(Zl’lqz. Next, we want
to couple (S,L,)J, in one tensor product and we can do
that with a simple Wigner-Racah [83-85] recoupling, in par-
ticular using the properties of the 9j Wigner symbol. In
general form, the transformation for first-rank tensors A, B,
C,and Dis {[A®BIO® [C® D)V =3 {(AC1P @
{[B® DI®} ((11)k(11)k[(11)0(11)0). Then also the scat-
tering length upgrades to the spin J,-dependent function
a*trt1(S,L,J,, k) and in total

V=383 ASpLplp k)y2T, + L(=1)

Sy,L, J,
x {[V(Lp) ® X(Sp)](Jp) ® [ﬁ(Lp) ® (X(Sp))—;-](‘/p)}(()o). (A3)

Changing between tensorial and scalar operators again, we
write down the scalar form of our pseudopotential with which
we will be able to act on the basis set functions,

S = JpMy,
V=8 D D ALl bCou s, -m,

SpLp Jp.Mj, MquMI/‘p

JpMy, “(L,»( (Sp) )+§(Lp) (S,)
LMy, SyMy, =My, ¥ M, \AMy, =My, ) My AMy,—M;

(A4)

The alternative method of deriving the pseudopotential in
terms of projection operators is provided in Ref. [36].

Now we work on the channel wave function to derive the
matrix element of the pseudopotential. The wave function of
the Rydberg atom (including its spatial and spin dependence)
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in a fully uncoupled basis reads

V(7. 7) = Z Z Yllm,l MY, My, (7e )va XmS]
Mie, My Mg, My,
Mg, My,
CLML SMs JM; fnLSJ,ll (r) f6.v(rc)
Ly, lemy, ~ simg; Semg, LM SMs ’

Te

(A5)

where 7, and 7 are the position operators of the core electron
and the Rydberg electron, resepctively, f,rss, is the radial
wave function of the Rydberg electron and fg is the radial
wave function of the core electron.

Now, since the range of the interaction between the Ryd-
berg electron and the ground-state perturber is much smaller
than the orbital radius of the Rydberg electron, it will be
useful to employ the Taylor expansion of the wave function
around the perturber. The spatial wave function of the Ryd-

berg electron, ®,r57.1,m, (F) = MY;,W,I1 (7), is expanded,

yielding
q)nLSJ,llmll (?) ~ cI)nLSJ,llml1 (R) + §[q>nLSJ,llmll (E)] : X
(A6)
To first order in |)? |, the wave function reads
. LM, M
\II(VC, f") = Z Z Cl]mIIll m, Slmflsrmv(
mie,miy Mg, Mj,
Mg\ Mg,y
. Jos(re)
X Cltsuty Xow, X, Yim, (F) ==
C
< [Purss.tim, (B) + V[ @urssm, R)] - X]. (AT)

Next, we express X using spherical harmonics ¥; y, (X) cen-
tered about the perturber. The wave function takes the form

SN L, nLSJlymy;
VB = Y Y Y Xb 0 " R Ko,
e Ms.My LMy,
LM, s M Jos(re)
xC) Mf L, n%fl sems, Craay suag Yiemy, (Fe) ,
(A8)
where by, = ~4m /(2L, + 1) and
nLSJlim =3 S \1L
Oy, (R = Sy, [V (@ursstym, RNy, (A9)
whose components are explicitly
W R) [21+1
nLSJIIO(R) fLS-;é]( ) 47{ , (AIO)

aLsin0, oy |20+ 1, farsi (R)
Qi T (R) = - 3R< R ) (A11)
LS, Sorsa, (R) QL+ 1)1 + 1)
Y R) = . 1>0.
(A12)

Note that the cylindrical symmetry of the system imposes the
constraint m;, = My,. We next extend this wave function to
include additionally the state of the perturber, |L,s2), where
sp =1/2and L, = O foraRb perturberand L, = I, + [, =0
and s, = 2.1 + s22 = 0 or 1 for a Hg perturber. LS coupling
is appropriate for the ground state of both atoms.

To ensure that we include J,-dependent phase shifts, we
need to couple the Rydberg electron’s spin and orbital angular
momenta to those of the perturber. We first couple the elec-
tronic spins together,

(A13)

|simy, , som,) =

p Y,
3 Colnham, [(5152),Ms, ),

SpMs),
and then we couple L, to §,, leading to
|simy,, samy,, Lp, My,)

SpMs, J,:M/
Z Z Cvlmylivzmsz LpMLT)SpMS |[(5152)Spr]JpMJP)-

SpMs, JpM,,
(A14)

Let us wrap up the transformed wave function

S oy L, nLS]l]m,l LML
VD= D ) D D X O, RIC
i A G
x CSMs JM, CSFMSP ToMy
simg, semg, CLMSM Csimyy sams Cp oy 5, M,
fés( )
X Yo ———(LpSp)JpMy,). (A15)

We use the derived form of the wave function to calculate the
matrix element of the pseudopotential. The pseudopotential
takes the form of the frame transformation V = AUA" with

(2L, + 1)2
Uﬁﬁ/ = 855/—a(SprJp, k), (A16)
Zb l’lLS]I]WL/] S M/p ML]] J M]p
Aup = L QL,,MLP slMJ,, —My,—myy ,somy, LMy, ,SpMy, —Mp,
MLF
LM, SM;—My, JM;
XCZ|M1,, Lemy, ~s1My—My, —my. scmy. ~ LMy, SMj—My,, " (A17)
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