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We introduce a generalized Gross-Pitaevskii equation that provides a nonlinear framework for studying
2D attractive Bose systems. Its defining feature is the logarithmic density dependence of the coupling
constant, which breaks the scale invariance inherent in the standard mean-field equations. This framework
allows straightforward calculations of the system properties arising from the quantum anomaly. As a first
illustration, we study universal bound states in free space, commonly referred to as quantum droplets. Then,
we analyze breathing modes and quench dynamics in trapped systems, paving the way for a systematic
exploration of nonequilibrium phenomena in 2D attractive Bose systems. Finally, we predict the existence
of universal excited states, including vortex configurations, which may be more accessible to experimental
investigation than the ground state. Our results provide a robust theoretical foundation for studying both
static and dynamical properties of finite systems, and offer guidance for the design of future experiments.
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Scale invariance of the attractive two-dimensional (2D)
Gross-Pitaevskii equation (GPE) gives rise to unique phe-
nomena such as Townes solitons [1], “strong” self-similar
collapse [2,3], and interaction-independent breathing-mode
frequencies in tightly trapped systems [4,5]. In realistic
quantum systems of single-component cold bosons with
short-range interactions, this symmetry is, however, broken
by the presence of the two-body bound state that introduces
an explicit length scale into the problem. One of the most
striking consequences of this “quantumanomaly” [6,7] is the
formation of universal many-body bound states [8–10]. For a
finite number of particles, thebalance between kinetic energy
and short-range interactions confines these states to a finite
size, thus justifying their designation as quantum droplets.
While their microscopic nature is clearly distinct from that of
quantum droplets in two-component or dipolar Bose gases
[11–13], they likewise arise from quantum fluctuations.
Despite this exciting progress in our understanding of 2D

attractive bosons, it remains unclear whether a simple,
unified theoretical framework exists to analyze these

phenomena. Consequently, each new solution represents
a state-of-the-art effort; see, for example, recent studies in
Refs. [14–16], which rely on beyond-mean-field, quantum
Monte Carlo and variational approaches, respectively.
Here, to address this issue, we introduce a generalized
GPE that incorporates a physical length scale via a density-
dependent coupling, see “Framework” below. This equa-
tion enables a straightforward and unified description of
both the static and dynamic properties of the system,
including excited droplet states.
To illustrate the framework, we first demonstrate that it

successfully describes the behavior of universal droplets
[8,14], while preserving a simple structure suitable for
intuitive analytical and numerical exploration. For example,
in our theory, the finite droplet size emerges naturally
because the coupling constant vanishes at high densities,
thereby preventing collapse due to attractive interactions (see
“Benchmark” below). We note in passing that, because the
coupling vanishes in the high-density limit, 2D bosons may
become a useful toy model for the renormalization of strong
interactions in particle physics [10]. Our methods and results
may therefore be useful for building intuition about quantum
chromodynamics (QCD) systems, e.g., quark matter with
vortices [17,18]. Indeed, QCD is asymptotically free [19,20]
and thus naïvely scale invariant at high energies, but this scale
invariance is anomalous and broken by dimensional trans-
mutation. In finite density QCD, a density-dependent cou-
pling constant enters naturally [21], although in practice, the
chemical potential is often used instead of the density [22].
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In “Discussion,” we demonstrate the capability of the
generalized GPE by examining the universal ground state
in a trap, and discussing corresponding breathing dynam-
ics. Finally, we summarize our findings and outline
prospects for future studies of quench dynamics and
universal excited states, such as vortices.
Framework: Energy functional—We study an ultradilute

system of N 2D bosons of mass m. In our analysis focused
on the limitN ≫ 1, we rely on the following approximation
for the energy

EN ½ψ �
N

¼
Z

dxψ�
�
−
ℏ2

2m
∂
2

∂x2
þWðxÞ þ gN

2
jψ j2

�
ψ ; ð1Þ

where ψ ¼ ψðxÞ is a normalized function (kψk ¼ 1) found
by minimization of EN ; W is the trapping potential. To
facilitate a clear and consistent illustration of our results, we
either consider a free system (W ¼ 0) or employ a
harmonic trap, WðxÞ ¼ mω2x2=2. In what follows, we
use the units with ℏ ¼ m ¼ ω ¼ 1. Energy is then
expressed in the units of ℏω; interaction strength, g, in
ℏ2=m; length in

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=ðmωÞp

; time and frequencies in 1=ω
and ω, respectively. We will also often express length in the

units of the state size, R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR
dxjxψ j2

q
, which is the only

relevant length scale for W ¼ 0 or equivalently in the
regime of strong attractions.
A unique aspect of 2D many-boson systems is that their

theoretical description requires the coupling constant g to
depend on the system’s probability density, n ¼ jψ j2, even
in the low-energy (i.e., weakly interacting) regime. For
repulsive boson-boson interactions, g > 0, a widely used
expression is g ¼ 4π=j lnðNna2Þj [23–25], where a denotes
the 2D scattering length. The logarithmic dependence of g
on n is notably weak, which poses challenges for exper-
imental detection [26]. Nevertheless, this density depend-
ence has a fundamental impact—it underlies the
aforementioned symmetry breaking, as the scale invariance
of the mean-field approximation relies on the assumption
that g remains constant.
For attractive interactions and in the absence of an

external potential (W ¼ 0), a possible form of the coupling
constant is g ≃ −4π=j lnðR2B2Þj [8], where B2 > 0 denotes
the two-body binding energy. This expression is, however,
not as practically useful as the one for repulsive inter-
actions. In particular, it cannot be straightforwardly
extended to include an external trap—essential for model-
ing cold-atom systems—since the parameter R must then
be determined from a separate equation, which is chal-
lenging to solve numerically [16]. Furthermore, it is unclear
how to use this coupling constant in time-dependent
problems. In what follows, we propose a modified form
of g that circumvents these limitations.
Framework: Coupling constant—ForW ¼ 0, the bosonic

system forms a droplet whose size, R2, is exponentially

smaller than that of the corresponding two-body bound state,
with the exponent set by the particle number N [8].
Consequently, the coupling g in free space is mainly
determined by the value of R2.
The size R is the only length scale of the many-body

problem that determines the properties of the droplet, e.g.,
its density is given by Njψ j2 ∼ Fðr=RÞ2=R2, where r ¼ jxj;
F denotes a universal function that captures the shape of the
droplet. The exponential dependence of the parameter R on
N and the fact that the amplitude of the function ψ is given
by 1=R motivates the following ansatz for g in the limit of
large particle numbers, N ≫ 1,

g ≃ −
4π

ln ½αjψðxÞj2=B2�
; ð2Þ

where α ¼ 2.607. Our choice of the parameter α is fixed by
the ground state energy derived in Ref. [14], as described in
the End Matter. For W ¼ 0, Eq. (2) is (within logarithmic
accuracy) equivalent to −4π=j lnðR2B2Þj derived in Ref. [8]
everywhere except the points where ψðxÞ vanishes. This
region, however, does not contribute to the energy func-
tional in Eq. (1) where g is multiplied by jψ j2.
Although Eq. (2) is inspired by the strongly interacting

regime (B2=ℏω ≫ 1) where the trap can be neglected, it
remains a natural choice for weakly interacting systems in a
trap, i.e., when B2 → 0. Indeed, in this case, the coupling
constant obeys g ≃ −4π= lnða2Þ, see, e.g., Ref. [15]. Within
logarithmic accuracy, this expression coincides with Eq. (2)
(recall that B2 ∼ 1=a2, see, e.g., Ref. [27]). Finally, to
assess the validity of Eq. (2) at intermediate interaction
strengths, we perform numerical calculations as presented
in Fig. 1, see the discussion below and Supplemental
Material [28]. [Intermediate interaction strengths correspond
to ðlnB2Þ=N ≃ −2.15 [44], see Refs. [15,16] and below.]
Framework: Gross-Pitaevskii equation—Once the cou-

pling constant is established, we use Eq. (2) in Eq. (1) and
the equation of motion i∂ψ=∂t ¼ δE½ψ �=δψ� to derive the
generalized Gross-Pitaevskii equation that governs the
physics of the problem

i
∂ψ

∂t
¼

�
−
1

2

∂
2

∂x2
þWðxÞ þ GNjψ j2

�
ψ ; ð3Þ

where G ¼ gþ g2=ð8πÞ [46]. Equation (3) provides a
powerful framework that greatly facilitates the analysis
of 2D bosons with attractive interactions. To illustrate this,
we start by calculating static properties of the system, i.e.,
we solve Eq. (3) in polar coordinates using the ansatz
ψðx; tÞ ¼ e−iμteisϕ

ffiffiffiffiffiffiffiffiffi
nðrÞp

, where μ is the chemical poten-
tial, and the topological quantum number s determines the
vorticity of the system. This ansatz allows us to recover
established results and enables new advances.
Benchmark: Strong interactions—For sufficiently strong

interactions, the trap can be neglected [15,16], and the
system forms a universal many-body bound state. Given a
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“weak” (logarithmic) dependence of G on ψðxÞ, we gain
analytical insight into the equilibrium properties of these
states by treating G as constant. Under this assumption,
Eq. (3) with W ¼ 0 is stable only for specific values of
GN ¼ G < 0, where G is independent of N [48]. These
values correspond to the fixed points of the energy func-
tional in Eq. (1), where the kinetic energy is balanced by
particle-particle attraction. The corresponding solution ψ
has the form ψ ∼ eisϕFG;sðr=RÞ=R, here FG;s is a universal
function parametrized by G and s. The associated length
scale follows from Eq. (2) for N ≫ 1: R2 ≃ 1=B2e4πN=G.
The smallest possible jGj, G ≃ −5.84, determines the

ground state, whose static properties are by now well
established [8,14]. Within our framework, these properties
can be readily studied numerically using Eq. (3) [49], see
Fig. 1(a). In particular, it is straightforward to recover the
universal dependence of energy on the number of particles
EN ≃ B2e4πN=jGj [8].
Among the most promising experimental platforms for

observing this universality are trapped ultracold atomic
gases [50]. To guide the corresponding experimental effort,
the influence of the trapping potential on the system must
be systematically explored. While this investigation is

numerically demanding and typically requires advanced
computational methods [15], we demonstrate below that
the generalized generalized Gross-Pitaevskii equation ena-
bles accurate and computationally efficient analysis of
these effects.
Benchmark: Intermediate interactions—To demonstrate

the accuracy of the Gross-Pitaevskii equation in accounting
for trap effects, we calculate the ground-state energy of the
trapped system at intermediate interactions, i.e., when jGNj
is smaller than jGj, which leads to lnB2=N ≲ 4π=G ≃ −2.15.
This ensures the most pronounced interplay between trap-
ping and interparticle interactions, cf. Ref. [16]. To perform
calculations, we employ the flow-equation approach [51,52]
(see also End Matter) in the specific form developed for
degenerate Bose systems [28,53,54], which not only provide
benchmark data but also represent the first application of
these equations to two-dimensional systems, thereby open-
ing new avenues for their extension to three dimensions.
The overall agreement between the data in Fig. 1(b) is

good (see Supplemental Material [28] for the corresponding
densities), validating the applicability of thegeneralizedGPE
in this regime. Note that the agreement between the results is
better for N ¼ 50 than for N ¼ 10 (see Supplemental
Material [28] for similar results for other particle numbers).
This behavior, whichmirrors the strongly interacting limit—
see the difference between the red dots and the solid green
line in Fig. 1(a)—is expected. Our parametrization of the
interaction strength, particularly the numerical value of α,
explicitly relies on the assumption that N ≫ 1 (see End
Matter). Nevertheless, the discrepancy is already marginal at
N ∼ 10 and does not affect our main conclusions. Having
benchmarked the generalized Gross-Pitaevskii equation
against established static results, we now apply it to explore
less charted regimes.We begin by investigating trap effects in
a regime beyond the reach of the flow equation method.
Discussion: Effect of the trap on universal states—To

further investigate the effect of the trap, we solve Eq. (3)
numerically (see Supplemental Material [28] for details). In
the weakly interacting regime (B2 → 0), the density is
predominantly shaped by the trapping potential. In contrast,
for strong interactions (B2 → ∞), the universal (so-called
Townes soliton [1]) profile is expected to emerge. Figure 2(a)
illustrates the transition between these two limits. The
rescaled density exhibits a crossover behavior, with only a
weak dependence on the interaction strength [55].
It is important to note that the generalized Gross-

Pitaevskii equation admits solutions for all finite values of
B2 and N, in contrast to the standard GPE, which exhibits
mass concentration (collapse) as the interaction strength
approaches a critical value from below [56]. Mass concen-
tration cannot occur in our “asymptotically free” theory,
because the coupling constant vanishes at high densities. In
other words, the physics of the high-density regime is
governed primarily by kinetic energy, which does not allow
the system to collapse.

FIG. 1. (a) Energy, ln jEN=B2j, as a function of the number of
bosons N for the lowest energy states without (s ¼ 0) and with
(s ¼ 1) vorticity for the untrapped system (W → 0). The solid
green line shows numerical solution of Eq. (3) for s ¼ 0; the
black dashed line shows the expected asymptote ln jEN=B2j ¼
ð4πN=GÞ − 1.91 [14]. The red dots demonstrate the numerically
exact solution of the many-body problem available for “small”
values of N [45]. The blue line shows the lowest energies for
s ¼ 1. The blue dashed line is a linear fit to this result,
ln jEN=B2j ¼ 0.5174N þ 1.218. The insets sketch the radial
densities for the states. (b) The lowest energy solution of
Eq. (3) in a trap for weak and intermediate interactions (solid
lines) together with the numerical solution of the many-body
problem obtained using flow equations for bosons (dots with
error bars), see End Matter for details.
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Instead of the collapse, in the generalized GPE, the
energy shows a smooth increase, which becomes rapid near
the critical parameter value lnB2=N ≃ −2.15, as shown in
Fig. 2(b). The derivative of the energy also varies smoothly
(see Supplemental Material [28]), suggesting a crossover
rather than a sharp phase transition. Within our framework,
the crossover also manifests in other system properties,
such as the breathing frequencies, Ω.
Discussion: Breathing dynamics—To perform a numeri-

cal analysis of the breathing dynamics, we consider the
time evolution of the system after a sudden change of the
interaction from lnB2=N to lnB2=N − 0.001. The resulting
frequency is presented in Fig. 3. We see the crossover in the
vicinity of lnB2=N ≃ −2.15 where the frequency of oscil-
lations starts to rapidly increase. This increase becomes
sharper as the number of particles increases, reflecting the
results presented in Fig. 2(b).
The generalized Gross-Pitaevskii equation enables an

analytical calculation of the frequency (see End Matter),
thereby providing insight into the system’s limiting behav-
ior. For weak interactions, we derive Ω ≃ 2þ N=ðlnB2Þ2
[57]. The deviation of the breathing frequency from Ω ¼ 2,

characteristic of the SO(2,1) symmetry that arises from
scale invariance in two dimensions [5], is a manifestation of
“quantum anomaly” captured in our framework via a
density-dependent coupling constant. For strong inter-
actions, we derive a trap-independent frequency Ω ≃
3.8jEN j=

ffiffiffiffi
N

p
. This expression is in excellent agreement

with recent free-space calculations by Petrov [14], further
validating the generalized GPE.
Summary—In this Letter, we introduced and explored a

nonlinear equation for attractive 2D Bose systems, provid-
ing a bridge to the well-established mean-field description
of repulsive interactions [25,47,59]. The generalized GPE
enables a quantitative description of the system using
simple (semi)analytical tools. For instance, in the chal-
lenging regime of intermediate interaction strengths, the
system’s energy can be obtained variationally by employ-
ing the Townes-soliton profile fTðr=R̃Þ where R̃ is a
variational parameter that minimizes the mean-field energy
[see Fig. 2(b) and Supplemental Material [28] ].
Outlook: Quench dynamics—We anticipate that one of

the main applications of the generalized Gross-Pitaevskii
equation will be the exploration of nonequilibrium dynamics
and quantum control (see, e.g., Ref. [60] for a recent use of
an effective mean-field approach in this context)—an area
that appears otherwise inaccessible for 2D attractive Bose
gases. To illustrate this possibility, we consider the quench
dynamics of the system, a standard paradigm for investigat-
ing nonequilibrium physics in closed systems [61]. We
initiate the non-interacting system in the ground state of the
harmonic oscillator at t ¼ 0 and consider the time dynamics
of hr2i at t > 0, assuming a finite value of B2, see Fig. 4.
We see that for weak interactions, the quench dynamics
generates oscillations at frequencies Ω ≃ 2, consistent with
the scale-invariant dynamics. At stronger interactions, this

FIG. 3. Breathing frequencies Ω of a weakly perturbed trapped
Bose gas as a function of the interaction strength lnB2=N for
different numbers of bosons N in (a) strong and (b) weak
interaction regimes. Dots demonstrate frequencies from the
numerical solutions. The dashed curves show analytical results
valid for N ≫ 1: (a) 3.8jEN j=

ffiffiffiffi
N

p
; (b) 2þ N=ðlnB2Þ2.FIG. 2. (a) Density of the trapped Bose gas in the transition

between the weakly and strongly interacting limits. The dimen-
sionless density, R2nðrÞ, for the ground state without vorticity
(s ¼ 0) and N ¼ 50 is plotted as a function of r=R for different
interaction strengths lnB2=N. The dotted black curve shows the
noninteracting harmonic oscillator solution, whereas the dashed
curve represents the Townes-soliton profile. (b) Energy of the
Bose gas per particle, EN=N, as a function of the interaction
parameter lnB2=N. The solid curves show the numerical solution
to Eq. (3), the dashed black curves present the result of
minimization of Eq. (1) with respect to the Townes-soliton
profile [28]. Different curves correspond to different numbers
of particles. The vertical dotted line shows the transition point in
the limit N → ∞ [15,16].
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universality breaks down, and we observe an interference
pattern (beating) in the time evolution, see End Matter.
Outlook: Universal excited states—Our work motivates

further mathematical and numerical studies to validate
the proposed framework and identify experimental con-
ditions for observing 2D universality in attractive systems.
A concrete direction involves studying universal excited
states predicted by the generalized GPE [62], which are
connected to the spectrum of scale-invariant solutions to the
standard 2D GPE, either without [66] or with vorticity [67],
see Ref. [48] for a review.
To illustrate one such state, we considered the vortex

solution. Specifically, Fig. 1(a) presents the energy of the
lowest-energy configuration with topological charge s ¼ 1.
This solution corresponds to a critical interaction strength
of G ≃ −24.15. The energies of the corresponding states are
Ee
N ∼ 1=R2; they lead to the universal scaling relation

Ee
Nþ1=E

e
N ≃ 1.7, which may be contrasted with the

ground-state scaling Eg
Nþ1=E

g
N ≃ 8.6 [8]. Note the mark-

edly slower increase in energy with growing particle
number—a distinctive trait of the excited-state spectrum.
This suggests that topologically protected excited states
may be more suitable for the experimental observation of
2D universality than the ground state. It is important to note
that the stability of such vortex states (both in free space
and in trapped systems) is an open question with direct
relevance to an experiment. We are currently addressing
this issue through both the Bogoliubov–de Gennes
approach and dynamical perturbation tests.
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End Matter

Parameter α—To determine α in Eq. (2) from the
main text, we first compute the energies of the system in
the limit W → 0, where according to Ref. [14] the
ground state energy for N ≫ 1 approaches Bs¼0

N →
B2eð4N=CÞþc1 with C ≃ 1.862 and c1 ≃ −1.91. By trial
and error, we found that α ≃ 2.607 reproduces this
limiting behavior well, see Fig. 5(b). Other values of α
can be used if one finds this necessary. In particular, our
model does not rule out the possibility for N-dependent
α: αðNÞ ¼ α0 þ α1Nγ þ � � �. The inclusion of this N
dependence might be needed to describe the energy in
the few-body limit accurately. Below, we outline the basic
intuition behind determining the value of α that can be
used for a further exploration of the generalized GPE.

In the limit W → 0, N → ∞, the many-body solution
is well represented by the Townes soliton ψTðrÞ ¼
ð2πCR2Þ−1=2fTðr=RÞ, where R2 ¼ ðC=M2ÞhψTjr2jψTi
with M2 ≃ 2.211 [70]. For an illustration of fT, see
Supplemental Material [28]. Therefore, the interaction
strength in this limit should have the form

g ¼ −
4π

ln
�
αðNÞ
2πC jfTj2 1

R2B2

� : ðA1Þ

We rewrite this expression at the fixed point of the
generalized GPE (note that G ≃ g in the considered limit),

G ≃ −
4πN

ln
�
αðNÞ
2πC Feff

1
R2B2

� ; ðA2Þ

where G ¼ −πC and Feff is a numerical constant represent-
ing some effective value of the density. The system’s energy
is EN ¼ −ðC=8R2Þ (see, e.g., Ref. [14]) and therefore

EN

B2

¼ −
πC2

4

1

αðNÞ
1

Feff
e
4N
C : ðA3Þ

Now, we propose that Feff ¼ κjfTð0Þj2 with scaling coef-
ficient κ.
To determine κ and illustrate the effect of possible

dependence of α on N, we solve Eq. (3) numerically, for
αðNÞ ¼ Nγ with γ ¼ −1; 0; 1

2
; 1. We use calculated values

of EN=B2 and Eq. (A3) to fit the parameter κ ¼ 1.448. Note
that the parameter κ is independent of the αðNÞ. In panels
(a) and (c) of Fig. 5, we show ln jEN=B2j and ENþ1=EN for
different αðNÞ compared to Refs. [14,45]. Panel (b) presents
the difference Δ ln jEN=B2j ¼ ln jEN=B2j − ð4N=Cþ c1Þ
where EN=B2 is calculated from the generalized GPE using
Eq. (A3) with κ ¼ 1.448.
Once κ is determined, we can estimate the parameter

αðNÞ as

αðNÞ ¼ −
πC2

4

1

κjfTð0Þj2
B2

EN
e
4N
C : ðA4Þ

According to Ref. [14], EN ¼ −B2eð4N=CÞþc1 . Then

αðNÞ ¼ α ¼ πC2

4κjfð0Þj2 e
−c1 ≃ 2.6073; ðA5Þ

FIG. 5. (a) Ground-state energy of the untrapped Bose gas
ln jEN=B2j. (b) Energy differences between ln jEN=B2j and the
expected asymptote Δ ln jEN=B2j ¼ ln jEN=B2j − ð4N=Cþ c1Þ
[14] for the data presented in panel (a). (c) Energy ratios
ENþ1=EN for the data presented in panel (a). Solid lines represent
solutions of the generalized GPE. The black dashed line repre-
sents the solution of Ref. [14], and the blue dots with a dotted line
show the results of Ref. [45]. In panel (b), the dashed colored
lines showΔ ln jEN=B2jwhereEN=B2 is calculated from Eq. (A3)
with κ ¼ 1.448.
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where we have used fTð0Þ ¼ 2.207, see, e.g., Ref. [8].
Results for α ¼ 2.6073 are also presented in Fig. 5.
In Fig. 6, we show how the small variation of the parameter
α affects energy EN, the system’s size R2, and breathing
mode frequency Ω. In the weakly interacting regime, the
properties are almost independent of α. The impact
becomes more significant near the transition to the strongly
interacting regime, where small variations of α can strongly
affect the results.
In a more general approach,

EN ¼ −B2e
4N
CþθðNÞ; ðA6Þ

where θðNÞ ¼ P
i¼1 ciN

γi . Parameters ci and γi may be
fitted to the results of other methods, see Ref. [45] for an
example of θðNÞ fitted to the few-body limit results.
Equation (A6) leads to the expression

αðNÞ ¼ πC2

4κjfTð0Þj2
e−θðNÞ; ðA7Þ

where properly fitted θðNÞ may improve the accuracy of
generalized GPE in the few-body limit.

Flow equations—In the flow-equation method, we
block diagonalize the Hamiltonian H using the flow
equation

dH
ds

¼ ½η; H�; ðB1Þ

where s is the flow parameter (which can also be
understood as an imaginary time). With the proper
choice of the generator of the flow η, the off-diagonal
matrix elements will vanish in the s → ∞ limit. The
Hamiltonian of the system reads

H¼
XN
i¼1

�
−
ℏ2

2m
∂
2

∂x2
i
þWðxiÞ

�
þ1

2

XN
i;j¼1

Vðxi−xjÞ; ðB2Þ

where V describes short-range particle-particle
interactions; fxig are the coordinates of the bosons. We
provide additional details in Supplemental Material [28].

Breathing dynamics—To calculate breathing-mode
frequencies, we first compute the time dynamics of
R2 ¼ hr2i (see Supplemental Material [28] for detailed
derivation). The corresponding equation for large values
of N is given by

d2R2

dt2
¼ 4

EN

N
− 4R2 þ 2N

	
n2

dg
dn



: ðC1Þ

This equation is general in the sense that it applies to
any time dynamics of the state. For example, a time-
independent problem requires EN ¼ NR2 − ðN2=2Þ
hn2ðdg=dnÞi. Note that the total energy comprises two
contributions: one from the harmonic confinement and
another from density-dependent interactions. These
contributions are balanced when EN ¼ 0, offering an
intuitive explanation for the transition point between
weakly and strongly interacting regimes, as illustrated in
Fig. 2(b).
If g were a constant, the last term in Eq. (C1) would

disappear, resulting in interaction-independent dynamics
governed solely by the first two terms [4,5]. A density-
dependent g breaks this picture, leading to a “quantum
anomaly,” similar to dimensional transmutation in QCD
[19,20] or the Efimov effect [71,72]. This symmetry
breaking is an intrinsic property of two-dimensional sys-
tems with short-range interactions, contrasting with the
extrinsic symmetry breaking induced by a “compactified”
third dimension in cold-atom experiments [58].
We investigate “quantum anomaly” in the breathing

dynamics, assuming that the solution has the form
ψ ½r=RðtÞ�=RðtÞ. The time dynamics of RðtÞ follows from
Eq. (C1): R̈2ðtÞ ¼ 4EN=N − 4R2ðtÞ þ Nhng2=2πi=R2ðtÞ,
where the overline highlights that the expectation value
is taken with respect to a rescaled function ψðrÞ. Looking
for small oscillations of RðtÞ in the vicinity of the
equilibrium value Rðt ¼ 0Þ, we find the frequency of the
breathing mode (N ≫ 1)

FIG. 6. (a) Ground-state energy EN (b) the size of the system R2

and (c) the breathing mode frequency Ω as a function of the
parameter α for different interaction strength lnB2=N forN ¼ 50.
Black vertical dashed line shows value of α ¼ 2.6073.
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Ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 − 4EN=ðNR2ðt ¼ 0ÞÞ

q
; ðC2Þ

where we have used the time-independent solution to
Eq. (C1). This expression agrees with the sum-rule
approach result, see Supplemental Material [28].

Equation (C1) can also be used to analyze quench
dynamics presented in Fig. 4. In particular, we can
conclude that the beating in panel (c) arises from the time
dynamics of g in Eq. (C1), which resonates with the
universal, scale-invariant dynamics.
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S1. THE FLOW EQUATION APPROACH
(IM-SRG)

In this section, we discuss the general idea behind
the flow-equation approach [1], also called the IM-SRG
method [2]. For more details and previous applications
to one-dimensional bosonic systems, see Refs. [3–7].

For our system, the Hamiltonian in canonical quantiza-
tion using the basis of non-interacting harmonic oscillator
states {ψ(nr,m)} reads as follows

H =
∑
i

ϵia
†
iai +

∑
ijkl

Bijkla
†
ia

†
jakal, (S1)

where the lower index denotes quantum numbers (nr,m)
with one-body energy ϵ(nr,m) = h̄ω(2nr + |m| + 1) and

Bijkl = g̃

∫
dxψi(x)ψj(x)ψk(x)ψl(x), (S2)

where g̃ is the coupling constant.
The goal of the method is to decouple the ground state

of the system from the rest of the Hilbert space. To
achieve this, the Hamiltonian is transformed so that the
system is expressed in terms of one- and two-body exci-
tations relative to a chosen reference. In our case, the
reference state is a non-interacting ground state, corre-
sponding to the lowest-energy basis state ψ(0,0). Alterna-
tively, one may employ a mean-field solution or construct
it iteratively, updating the reference state after each flow
step.

During the flow evolution, only one- and two-body op-
erators are kept. The corresponding error ∆Etruncation

coming from discarding higher-order operators can be es-
timated using perturbation theory [3]. Moreover, the sec-
ond type of error comes from a finite basis set. We limit
the basis set to states ψ(nr,m) with one-body energies
ϵ(nr,m) < Emax. We fit the energies EN for each interac-
tion strength lnB2/N to the function a1 + a2

Emax
so that

the energy EN

∣∣
Emax→∞ = a1. We estimate the error due

to finite basis set as ∆Ebasis = 1
N [EN (Emax = 11) − a1].

In Figure S1, in panel (a), we show energies EN for
different sizes of the basis set as a function of lnB2/N .
Panel (b) highlights the fitting procedure, showing EN as

a function of Emax together with the linear fit a1 + a2

Emax
.

Panels (c) and (d) show errors coming from truncations
during the flow evolution and from the finite basis set.
Note that the truncation error is a few orders of magni-
tude smaller than the one coming from the finite basis set.
For this reason, in Fig. 1 in the main text, we show only
the value of EN = a1 with error bars given by ∆Ebasis.
Similarly, in Figure S2, we show energy EN = a1 with
error bar associated with finite basis size as a function
of number of bosons in the system N for different in-
teraction strengths. In a weakly interacting regime for
N > 20, we observe that the IM-SRG method agrees
well with the generalized GPE. For strong interactions,
truncation of the basis size introduces large error bars for
IM-SRG numerical data, which complicates the compar-
ison of the methods. Finally, Fig. S3 shows the ground-
state density for different Emax compared to the densities
calculated using Eq. (3) of the main text.

To compare IM-SRG results to GPE solutions, it is cru-
cial to connect the interaction strength g̃ to the two-body
binding energy B2. To do so, we calculate the lowest en-
ergy, E2, of the two-body problem for different values
of g̃ in a finite basis size. This provides us with the
function g̃(Emax, E2). In IM-SRG calculations, we use
g̃(Emax, B2), which fixes the lowest two-body binding en-
ergy to the correct value, see Ref. [8] for more details.

S2. NUMERICAL METHOD FOR GPE

In this section, we discuss the numerical method em-
ployed to solve Eq. (3) of the main text in the stationary
and time-dependent versions.

Boundary conditions. We utilize the rotational sym-
metry of the problem and solve the equation for a ra-
dial function f(r) =

√
n(r) on the spatial grid with size

Ng + 1 with spacing dr, where we note fi ≡ f(ri), and
ri = idr. For s = 1, we expect that f(0) = 0, which leads
to the simple boundary condition f0 = 0 with artificial
points f−1 = 0 and f−2 = 0, ensuring proper treatment
of the derivative terms within the 4th order finite differ-
ence approximation. For s = 0, we introduce boundary
conditions ∂f

∂r

∣∣
r=0

= 0 and f(0) ̸= 0. To approximate
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FIG. S1. The flow-equation approach for N = 50. (a) Energy EN as a function of interaction strength lnB2/N for different
basis sets parametrized by the maximal allowed energy, Emax, (dots with dashed lines). The solid black curve shows the energy
EN calculated using Eq. (3) of the main text. (b) Energy EN as a function of 1/Emax for different lnB2/N (dots). Solid lines
show linear fit a1 +

a2
Emax

. Dashed lines show energies EN from Eq. (4). For lnB2/N = −2.15, we show how the error ∆Ebasis

is calculated. (c) Truncation error ∆Etruncation as a function of the interaction strength lnB2/N for different Emax. (d) Finite
basis set error ∆Ebasis as a function of the interaction strength.
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FIG. S2. The ground-state energy EN as a function of number
of bosons N for different interaction strength lnB2/N . The
solid lines show the energy EN calculated using Eq. (3) of
the main text. Dots represents results of the flow equations
approach with error ∆Ebasis coming from finite basis size.

the kinetic operator, we assume a symmetrical solution
using artificial points f−1 = f1, f−2 = f2, and expand

f(r) around r = 0

f(r)

∣∣∣∣
r→0

≈ f(0) +
r2

2

∂2f(r)

∂r2

∣∣∣∣
r=0

, (S3)

to properly address the kinetic operator at r0 and r1.
Additionally, for all s, we use boundary condition at r →
∞ as f → 0 by assuming that fNg+1 = 0 and fNg+2 = 0.

At this point, we would like to clarify the GPE be-
haviour in the regions where the solution behaves as
f(r) → 0, e.g., at r → ∞ and at the vortex core for
s > 0. The full form of the interaction coupling has a
well-defined behavior n

lnn → 0 in this limit, which ensures
that no additional renormalisation or numerical cutoff
procedure is needed to keep the stability of the solution.

Ground-state calculations. To find the ground state of
the system, we employ imaginary time evolution using
a semi-explicit backward Euler scheme. This scheme is
efficient for the imaginary-time evolution of non-linear
GPE-like equations [9, 10]. After the change to imagi-
nary time t = iτ , the finite difference discretizations of
the time derivative and application of the semi-explicit
backward Euler scheme, we obtain an equation in the
form[

1
dτ

+ T̂ +W (r) +G[fn]|fn|2
]
fn+1 =

1

dτ
fn, (S4)
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FIG. S3. Densities n(r) as a function of r for N = 50 and
lnB2/N = (a) −6.0, (b) −4.0 and (c) −3.0. The dots with
solid lines show results from the IM-SRG method with differ-
ent Emax. Solid black curves show densities calculated from
Eq. (3).

which is a linear matrix equation Av = b, where A is
a sparse matrix, v, b are vectors; the superscript n de-
notes the timestep. In each imaginary timestep dτ , we
solve the above equation to find v. The sparsity of the
matrix A allows us to employ efficient and robust Krylov
solvers [11, 12].

Time evolution. For dynamics calculations, we solve
the real-time evolution of the system. For this purpose,
the backward Euler scheme cannot be used as it is not
energy-conserving. Note that this property of the Eu-
ler scheme is actually beneficial for ground-state calcu-
lation, as the additional damping of the total energy in-
creases the speed of the convergence. However, to simu-
late closed-system dynamics, we need to ensure that the
total energy is conserved. For this purpose, we employ
the Spectral Time Splitting Method [13].

Usually, in the Spectral Time Splitting Method, the ki-
netic operator is expressed in the momentum space using
its Fourier transform. However, the standard form of this
numerical scheme ensures that the wavefunction vanishes
at the system’s edges. It is not straightforward to intro-

duce the boundary condition ∂f
∂r

∣∣
r=0

= 0 and f(0) ̸= 0 in
the Fourier space. Therefore, we treat the kinetic term
in the position space as other operators. The main con-

trol parameter is energy error ∆E(t) =
∣∣∣EN (t)−EN (0)

EN (0)

∣∣∣,
where EN (0) is the total energy of the initial state with
post-quench Hamiltonian, and EN (t) is the total energy
at time t. We consider our results as stable as long as
∆E(t) < 10−3.

As we cannot ensure stability in long-term propaga-
tion, we perform a Fourier transform of the resulting sig-
nal only up to the time point tmax = 600 that ensures that
the energy error is below the chosen limit. We illustrate
the dependence of our results on tmax in Fig. S4, which
shows the Fourier spectrum and fitted Gaussian functions
for different propagation times, tmax ≤ 600. We observe
overall agreement in both the number and position of
the modes across the data for different values of tmax.
In general, we are able to perform calculations of the
quenches from the non-interacting state to interaction
strength lnB2/N ≤ −2.14 with reasonable stability. We
can also study time dynamics at stronger interactions if
the initial state has a higher overlap with the eigenstates
of the post-quench Hamiltonian. For instance, we calcu-
lated the breathing dynamics (‘perturbative quench’) to
determine breathing modes frequency.

Note that if, for further investigation, longer stable
propagation is needed, the energy conservation error can
be reduced by improving numerical methods, for in-
stance, by calculating the evolution of the equation

i
∂ψ

∂t
=

[
−1

2

∂2

∂x2
+W (x) +GN |ψ|2 − µ(t)

]
ψ, (S5)

where µ(t) is a chemical potential at time t. This scheme
removes the trivial global phase associated with the sta-
tionary state [9, 14].

Dynamic grid approach. One of the main challenges in
developing a robust computational scheme for our model
is the presence of widely varying length scales in the
solution, which depend on both the interaction regime
and the number of bosons in the system. The size of
the system

〈
r2
〉

can differ by many orders of magnitude

from
〈
r2
〉
≃ 1 to even 10−20. To ensure that our pro-

gram is robust and does not require users to estimate
the system’s size, we introduce a dynamic grid approach.
Every i-th time step, the program estimates the size of
the intermediate state fn, adjusts the calculation grid

so

√
⟨r2⟩

rNg−1
≃ 0.03, and extrapolates fn onto a new grid.

We find that i = 5 strikes a good balance between effi-
ciently finding the proper grid size and keeping the over-
all computational cost low. This scheme ensures that we
do not lose precision, that the state is well represented
on the numerical grid, and that the system boundary at
r → ∞ does not introduce an artificial hard-wall poten-
tial. We continue calculations until the relative changes
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FIG. S4. The Fourier transform of R2 signal (round and triangle markers) after the quench of the non-interacting state under
interacting Hamiltonian with (a,c) lnB2/N = −3.0 (b,d) lnB2/N = −2.14 for number of bosons (a,b) N = 20 (c,d) N = 50
and for different propagation time from t = 0 to tmax. Solid lines with shaded area show a fitted Gaussian function to the peaks
of the Fourier transform data.

between time steps are ∆E and ∆
〈
r2
〉
< 10−8, where

∆O =
∣∣∣On−1−On

On

∣∣∣, which ensures the convergence to the

ground-state. However, while this scheme ensures that
results are not dependent on the initial guess of the sys-
tem size, good initial conditions dramatically acceler-
ate convergence. To use that, we calculate the ground
states in the sequence. First, we calculate the ground-
state for weak interaction lnB2/N , for which the con-
vergence is quick, and then we use the solution and its
size as an initial state to calculate the ground state for
lnB2/N + ∆(lnB2/N). Repeating this procedure with
gradually increasing interaction strength allows us to ef-
ficiently calculate the ground state over the full range of
interaction strengths.

Note that for real-time evolution, we do not employ the
dynamic grid approach, as the extrapolation on the new
grid introduces additional error, which would accumu-
late over the propagation time. This error is irrelevant
to imaginary-time propagation, because it affects only
the intermediate iterations, and we use the evolution to
reach the converged ground state. Any interpolation er-
ror introduced during grid adaptation is removed as the
system continues to evolve.

We find that in considered quench scenarios, the adap-
tive grid approach is not necessary. In the collapse dy-
namics, the total energy of the initial harmonic state usu-
ally prevents the system from collapsing to sizes that can-
not be adequately described by the initial grid (which is
chosen with respect to the harmonic state). However, this
limits our ability to perform quenches to stronger interac-
tions above lnB2/N > −2.14, where we observe that the
calculations become unstable even on short timescales.
This suggests a potential area for improving our numeri-
cal method to handle changing length scales better dur-
ing real-time evolution. In breathing-mode calculations,
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FIG. S5. (a) Relative energy error ∆Egrid = |E(Ng)−E(Ng =
6000)|/|E(Ng = 6000)| for the ground-state calculations with
N = 50 as a function of the interaction strength, lnB2/N .
The peak at lnB2/N ≃ −2.1 is an artifact due to E = 0 at
this point. (b) Maximal energy error max[∆E(t)] at time t
for quench dynamics with N = 50. Solid lines show results
for Ng = 6000 and colored dashed lines for Ng = 2000. The
black vertical line shows the cutoff t = 600, which we use for
Ng = 6000 to calculate the Fourier transform presented in
Fig. 4 in the main text. Horizontal line max[∆E(t)] = 0.001
shows the limit above which we consider our result unstable.

we use the grid obtained from the ground-state calcula-
tions, which is already fitted to describe the system at
the relevant length scale. This is because we expect the
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FIG. S6. (a) The maximal energy error max[∆E(t)], (b) the
size of the system R2, (c) and its Fourier transform after the
quench to interaction strength lnB2/N = −2.14 for N = 50
for different time step dt and grid size Ng = 6000. In panel
(b), solid colored lines show the evolution of R2 until the time
when max[∆E(t)] > 10−3. The gray curve show the evolution
beyond this point in the numerically unstable regime for dt =
0.1dr. In panel (c), squared markers show Fourier transform
data, while the solid lines guide the eye.

breathing mode to be a weak oscillation around the equi-
librium state.

Computation parameters. For both ground-state cal-
culations and dynamics, we use Ng = 6000, which
gives optimal accuracy and efficiency of the calculations.
Panel (a) in Fig. S5, shows the relative error ∆Egrid =
|EN (Ng)−EN (Ng = 6000)|/|EN (Ng = 6000)| for N = 50
and for different interaction strengths lnB2/N . Note
that at lnB2/N ≃ −2.1, the energy EN = 0, which
causes the relative error to suddenly increase without re-
ally affecting the accuracy of the calculations. For imag-
inary time evolution, we choose time step dτ = 0.1dr
and for real time evolution dt = 0.01dr. It is worth
noting that decreasing the time step does not neces-
sarily decrease accumulated energy error. For a time-
dependent scheme, the grid size Ng can directly and in-
directly (through dt) affect the stability. We notice that
for a smaller grid, the scheme is stable for a longer time

0 1 2 3 4 5 6
0.0

0.5

1.0

1.5

2.0

f T
(

)

FIG. S7. Function fT(ρ) determining the shape of the Townes
soliton calculated as a solution of Eq. (S6).

t because it requires fewer time steps, but only for weak
interactions. For a larger grid, the overall energy error is
lower, but the scheme becomes unstable in a shorter time
t because more time steps are performed, which accumu-
late errors. For stronger interactions, both stability and
error are better for larger grids. The panel (b) in Fig. S5
presents the maximal energy error max[∆E(t)] over time
t for Ng = 2000 and Ng = 6000 with N = 50 for the
propagation of the non-interacting state under Hamilto-
nian with interatctions lnB2/N . max[∆E(t)] is defined
as maximum value of ∆E(t) from the start of the prop-
agation to time t. Figure S6 shows the maximal energy
error max[∆E(t)], size of the system R2 and its Fourier
transform for Ng = 6000 with N = 50 for evolution of the
non-interacting state to interactions lnB2/N = −2.14.
We can see that the chosen dt = 0.01 is optimal, as fur-
ther decreasing the time step does not yield a significant
improvement in stability. Note that a smaller timestep
does not increase the resolution of the Fourier spectrum,
as it only depends on propagation time tmax.

The code in the Julia programming language that al-
lows for the reproduction of all our results is available as
an open-source program on GitLab [15].

S3. VARIATIONAL METHOD

To compute the lowest-energy solution of Eq. (3)
from the main text variationally, we employ the scale-
invariant Townes-soliton wavefunction [16]

√
n(r) =

(2πCR̃2)−1/2fT(r/R̃), where C ≃ 1.862 and fT(ρ) is a
universal function satisfying equation

d2fT
dρ2

+
1

ρ

dfT
dρ

− fT(ρ) + f3T(ρ) = 0. (S6)

This function has a characteristic bell shape (see Fig. S7)
with fT(0) ≃ 2.206 and ∥fT∥ = C. The function fT(ρ)
can be found by solving Eq. (S6) using shooting method
with boundary conditions fT(∞) = 0 and dfT

dρ

∣∣
ρ=0

= 0.

This wavefunction has a single variational parameter,
R̃, that determines the droplet’s size; we numerically
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FIG. S8. Derivative of energy over the interaction strength
∂EN

∂ lnB2
as a function of the interaction strength lnB2/N for

different number of bosons N . The solid curves show the
exact numerical results; the dashed curves show the varia-
tional results with respect to the Townes-soliton profile. The
vertical dotted line shows the transition point in the limit
N → ∞ [17, 18].

find the value of R̃ that minimizes the energy EN from
Eq. (1). Results of this variational treatment are shown
in Figs. 2 and S8.

The variational approach outlined here performs well
across all interaction strengths because the Townes-
soliton profile is exact in the strong-interaction limit and
provides a reasonable description of the ground state in
the weakly interacting regime. [A comparison between
the shapes of Townes profile and the non-interacting har-
monic oscillator wavefunction is shown in Fig. 2 of the
main text.]

S4. DERIVATIVE OF THE ENERGY

Figure S8 shows the derivative of the energy EN

over the interaction strength lnB2/N . The derivative
is smooth across the transition; however, it is expected
to diverge to −∞ for N → ∞ at the transition point
lnB2/N ≃ −2.15.

S5. BREATHING DYNAMICS

A. Calculations based on continuity equations.

Similar to the standard mean-field description (see,
e.g., [19]), the generalized Gross-Pitaevski equation leads
to the continuity equation

∂n

∂t
+ divj = 0, (S7)

where j = − i
2 (ψ∗∇ψ − ψ∇ψ∗), n = |ψ|2, and the equa-

tion for the evolution of momentum

∂j

∂t
= − 1

2
∇ (ψ∗Tψ + ψTψ∗ + ∇ψ∗∇ψ)

− n∇ [W +GNn] ,
(S8)

where T is the kinetic-energy operator.

Let us calculate the time evolution of the size of the
system, R2 = ⟨r2⟩. Using the continuity equation, we
derive

dR2

dt
= 2

∫
xjdx. (S9)

Differentiating this expression in time and using the
equation for the evolution of momentum, we compute

d2R2

dt2
= 4⟨T ⟩ − 2⟨x∇ [W +GNn]⟩, (S10)

where ⟨T ⟩ = Ekin/N is a kinetic energy per particle.
For a harmonic oscillator potential, this equation can be
further rewritten as

d2⟨r2⟩
dt2

= 4
EN

N
− 4R2 − 2⟨x∇GNn⟩ − 2⟨gNn⟩. (S11)

The last two terms do not cancel each other because of
the broken scale invariance of the problem. This equation
leads to Eq. (13) from the End Matter (N ≫ 1)

d2R2

dt2
= 4

EN

N
− 4R2 + 2N

〈
n2

dg

dn

〉
. (S12)

For the breathing dynamics, we assume that the solu-
tion has the form ψ(r/R(t))/R(t). The time dynamics of
R(t) reads

R̈2(t) =
4EN

N
− 4R2(t) +

N

2π
⟨ng2⟩. (S13)

For small oscillations R = R0 +δR, where R0 = R(t = 0)
and δR/R0 ≪ 1, therefore, we can re-write this equation
as

2R0δR̈(t) ≃ −8R0δR− NδR

πR0
⟨ng2⟩t=0. (S14)

The frequency of breathing oscillations is therefore

Ω =

√
4 +

N

2πR2
0

⟨ng2⟩t=0. (S15)

To arrive at the expression presented in the main text,
note that ⟨ng2⟩t=0 = 8π(R2

0 − EN/N)/N .
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B. Calculations based on sum-rule approach.

There is an alternative sum-rule approach to determine
the breathing mode frequency [20–22]. For an operator
F , the strength distribution is

SF (ω) =
∑
n=1

| ⟨n|F |0⟩|2δ(ω − ωn0), (S16)

where ωn0 =
EN,n−EN

h̄ , and states |n⟩ are eigenstates of
the system with energies EN,n with ground-state |0⟩ with
energy EN . The ratio of the weighted momentsmp+1/mp

or (mp+2/mp)1/2 corresponds to rigorous upper bounds
for the frequency of the lowest monopole mode excited
by the F operator, where

mp =

∫ ∞

0

SF (ω)ωpdω. (S17)

Moments m1 and m3 have known formulas valid for Her-
mitian operator F = F † that can be determined using
completeness of the eigenstates |n⟩

m1 =
1

2
⟨0|[F, [H,F ]]|0⟩ , (S18)

m3 =
1

2
⟨0|[[F,H], [H, [H,F ]]]|0⟩ , (S19)

where H is the Hamiltonian operator of the system. Now,
we consider F = F † = r2 so that ⟨F ⟩ =

〈
r2
〉
. We look

at the first commutator

[H,F ] = [T, F ] = −1

2
(∇2r2 − r2∇2)

= −2 + 2x ·∇,
(S20)

which can also be expressed as

[H,F ] = −2iD, (S21)

where D = 1
2 (x · p + p · x) is scale transformation (di-

latation) operator [23, 24]. We find that the moment m1

is

m1 =
1

2
⟨F ⟩ = 2

〈
r2
〉
, (S22)

because [F, [H,F ]] = [F,−2iD] = 4F and [F,D] = 2iF .
To determine the moment m3, first we find that

[[F,H], [H, [H,F ]]] = 4[D, [H,D]]. (S23)

Now, we need to find [H,D] with H = T +W + U with

W = 1
2r

2 = 1
2F and U = N g[n]n

2 . For operators T
and W , the commutators with the dilatation operator
are known: [T,D] = −2iT , and [W,D] = 2iW . To find
commutator [D,U ], first, we consider the general case of
the observable A that transform as

A→ A′ = U†(θ)AU(θ). (S24)

For an infinitesimal transformation, we know that [25]

U†(δθ)AU(δθ) = A+ iδθ[A,G], (S25)

where G is a generator of the transformation. For the
dilatation operator D, this leads to the identity

d

da
⟨A⟩a

∣∣∣∣
a→1

= i ⟨[A,D]⟩ , (S26)

where

⟨A⟩a = ⟨ψa(r)|A|ψa(r)⟩ , (S27)

is the expectation value of the operator A after scale
transformation with factor a, where ψa(r) = aψ(ar).
Note that commutators of T and W agree with this iden-
tity as

∂ ⟨T ⟩a
∂a

∣∣∣∣
a→1

= 2a ⟨T ⟩
∣∣∣∣
a→1

= 2 ⟨T ⟩ , (S28)

∂ ⟨W ⟩a
∂a

∣∣∣∣
a→1

= −2a−3 ⟨W ⟩
∣∣∣∣
a→1

= −2 ⟨W ⟩ . (S29)

For the operator U we find

∂ ⟨U⟩a
∂a

∣∣∣∣
a→1

= 2 ⟨U⟩ +N

〈
n2
∂g

∂n

〉
. (S30)

which leads to

[U,D] = −2iU − iNn2 ∂g

∂n
≡ −2iU − iU (2). (S31)

Then we find that

[D, [H,D]] = 4H + 2U (2) + i
[
U (2), D

]
, (S32)

where

i
〈[
U (2), D

]〉
=

d

da

〈
U (2)

〉
a

∣∣∣∣
a→1

=4N

〈
n2
∂g

∂n

〉
+ 2N

〈
n3
∂2g

∂n2

〉
.

(S33)

Finally, we see that

m3 = 8EN/N + 12

〈
n2
∂g

∂n

〉
+ 4

〈
n3
∂2g

∂n2

〉
, (S34)

where ⟨H⟩ = EN/N , which leads to breathing mode fre-
quency

Ω2 =
m3

m1

=
8EN + 12N2

〈
n2 ∂g

∂n

〉
+ 4N2

〈
n3 ∂2g

∂n2

〉
2N ⟨r2⟩

.

(S35)
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We know that EN = NR2
0 − N2

2

〈
n2 ∂g

∂n

〉
for time-

independent problem with
〈
r2
〉

= R2
0 and then we can

transform

Ω2 = 4 +
N

2πR2
0

〈
ng2

〉
+

N

4π2R2
0

〈
ng3

〉
, (S36)

where ∂g
∂n = g2

4πn and ∂2g
∂n2 = − g2

4πn2 + g3

8π2n2 . If we ap-
proximate up to terms ∝ O(g2), we arrive at the same
expression as Eq. (S15)

Ω =

√
4 +

N

2πR2
0

⟨ng2⟩. (S37)
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