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We calculate the bound and scattering properties of a system of two neutral atoms and an ion near an ion-
atom Feshbach resonance. Our results indicate that long-range ion-atom interactions lead to significant
deviations from universal behavior derived from contact or van der Waals potentials. We find that ionic
systems display an overall suppression of inelastic transitions leading to recombination rates and lifetimes
of Efimov state orders of magnitude larger with respect to those for neutral atoms. We further characterize
the dense spectra of triatomic molecular ions with extended lifetimes. Our results provide a deeper insight
into the universality and structure of three-body ionic systems and establish them as a promising platform
for exploring novel few- and many-body phenomena with long-range interactions.
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Cold mixtures of laser-cooled ions and atoms provide
exceptional opportunities for exploring and controlling
quantum systems, enabling precise manipulation of both
quantum states and collision dynamics [1,2]. These hybrid
systems have become a cornerstone of quantum science,
with applications spanning quantum simulation [3,4],
quantum information processing [5,6], cold controlled
chemistry [7–10], and few- and many-body quantum
physics [11–14]. Recently, ultracold ion-atom mixtures
have been realized in the quantum regime [15,16], enabled
by the large mass imbalance between heavy ions and light
neutral atoms, which suppresses micromotion-induced
heating [17]. This achievement allows controllable inter-
actions near ion-atom Feshbach resonances [16,18,19]
through tunability of the s-wave scattering length [20],
thereby opening new avenues for investigating complex
quantum few- and many-body phenomena governed by
long-range ion-atom interactions [21–27] as well as con-
trolling and sympathetic cooling ions using ion-atom
confinement-induced resonances [28,29].
Building on this progress, it is important to recognize

that ultracold gases are intrinsically shaped by few-body
processes. Among these, three-body recombination—a
fundamental chemical reaction in which three free atoms
react to form a diatomic molecule carrying away the excess
energy—is the dominant mechanism driving atomic and
molecular losses, thereby limiting both sample lifetimes
and achievable densities [30] necessary for the observation
of few- and many-body dynamics. Conversely, recombi-
nation is not only a loss mechanism but also a powerful

diagnostic tool. Its rate and product distribution provide
sensitive probes of fundamental quantum effects such as
Efimov physics [31–34], enable detailed studies of state-to-
state ultracold chemistry [35–40], and serve as a key
method for detecting Feshbach resonances in both neutral
and ion-atom systems [16,20]. This multifaceted role
highlights the potential that recombination has in revealing
crucial aspects of few- and many-body quantum dynamics.
The growing ability to control ion-atom systems at ultra-
cold temperatures naturally motivates a closer look at how
few-body processes and interactions unfold in the presence
of the long-range ion-atom interactions.
Classical and semiclassical theories of ion-atom-atom

systems have provided valuable insight into three-body
recombination at temperatures well above the quantum
regime [41–46], establishing a solid foundation for under-
standing the basic dynamics. With ultracold experiments
now pushing deep into the quantum domain, exciting new
questions arise that naturally call for a fully quantum
mechanical, nonperturbative description. For instance,
while the Efimov universality in heteronuclear, neutral
systems characterized by short-range interactions is well
understood [47,48], the impact of the long-range ion-atom
interaction remains largely unexplored, preventing a deeper
insight into the structure and dynamics of strongly inter-
acting ionic few-body systems [49]. Equally compelling are
opportunities to map out the influence of the long-range
interaction on other nonuniversal or chemical aspects like
the state distribution of diatomic molecular ions produced
by recombination [35–39] and the structure and stability of
triatomic molecular ions, which can be potentially created
in ion-atom systems.
In this Letter, we investigate universal and nonuniversal

aspects of ionic three-body quantum systems composed of
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two identical bosonic atoms, 7Li, and a heavy ion, 138Baþ.
Near an ion-atom Feshbach resonance, we find that the
ionic system (LiLiBaþ) Efimov physics is also manifested
in a universal way, but with the three-body recombination
rate, L3, being strongly suppressed compared to its neutral
counterpart (LiLiBa) [47]. We also find that the Efimov
states in LiLiBaþ possess lifetimes up to 5 orders of
magnitude longer than those of LiLiBa, making them more
accessible to experimental observation and manipulation.
These results confirm that systems with long-range ion-
atom interactions belong to a new class of universality [49].
We also show that the product state distribution of
recombination for both ionic and neutral systems follows
the same 1=Eb propensity rule observed in homonuclear
systems [35–39], with no significant preference for forming
Li2 or LiBa molecules. Finally, we characterize weakly
bound triatomic molecular ions, confirming the high
density of states characteristic of long-range ion-atom
interactions. Together, these results provide a deeper insight
on the universality, stability, and structure of ion-atom
systems and establish them as a promising platform for
exploring novel few- and many-body phenomena with
long-range interactions.
Our investigation of the universality of the ion-atom-

atom dynamics begins with the adiabatic hyperspherical
representation [34,50,51]. In the hyperspherical represen-
tation, the system’s internal motion and rotations are

described by a set of hyperangles Ω, while its overall size
is described by the hyperradius R [34,50,51]. Bound and
scattering properties of the system are obtained through
solutions of the hyperradial Schrödinger equation

�
−
ℏ2

2μ

d2

dR2
þUνðRÞ − E

�
FνðRÞ þ

X
ν0
Wνν0 ðRÞFν0 ðRÞ ¼ 0;

ð1Þ

where μ ¼ ðm2
BmX=MÞ1=2 is the three-body reduced mass

of a system of two identical bosonic atoms, B, and a third
dissimilar atom, X, of masses mB and mX, respectively;
total mass M ¼ 2mB þmX; and ν represents the set of
quantum numbers characterizing each channel. The hyper-
radial Schrödinger equation (1) describes the hyperradial
motion governed by the three-body effective potentials
WνðRÞ ¼ UνðRÞ þWννðRÞ supporting bound and resonant
states and nonadiabatic couplings Wν≠ν0 ðRÞ driving the
inelastic transitions between the different channels. Both
Uν and Wνν0 are determined via the solutions of the
hyperangular Hamiltonian, containing all the interatomic
interactions [34,50,51]. In Fig. 1, we display the adiabatic
potentials for the LiLiBa and LiLiBaþ systems relevant to
our present Letter.
Here, we assume the interactions in the three-body

system to be a pairwise sum of the interatomic interactions
between the identical bosons (in our case, 7Li), vBB, and
that between the bosons and the third particle (Ba or Baþ),
vBX. In our interaction model, the interaction between
identical bosons is given by the Lennard-Jones potential
vBBðrÞ ¼ −CB

6 =r
6ð1 − λ6B=r

6Þ, while for the interspecies
interaction, it is given either by a Lennard-Jones potential
vBXðrÞ ¼ −C6=r6ð1 − λ6X=r

6Þ, in the case of the neutral
Li-Ba pair, or by the regularized polarization potential
vBXðrÞ ¼ −C4=r4ð1 − λ4X=r

4Þ for the Li-Baþ pair. Here, C4

and C6 are long-range induction and dispersion coefficients
[1,52,53], r is the interatomic distance, and λB and λX
parameters are adjusted to produce the desired value of the
s-wave scattering length as well as the number of bound
states each interaction pair can support. For our studies, the
interaction between Li atoms, vBB, is set with λB ≈ 19.58a0,
producing two s-wave Li2 molecular states and the back-
ground scattering length of −27.3a0 [54–56], where a0 is
the Bohr radius, while we vary λX for vBX to simulate the
changes in the interspecies scattering length, aBX, near a
Feshbach resonance.
Besides the distinct short- and long-range character of the

vBX interaction for neutral and ionic systems, another
important distinction is the characteristic length and energy
scales defining the onset of universality in the system. While
for neutral systems, the relevant scales are determined by
the van der Waals length and energy given, respectively, by
rvdW ¼ ð2μBXC6=ℏ2Þ1=4=2 and EvdW ¼ ℏ2=ð2μBXr2vdWÞ,
where μBX ¼ mBmX=ðmB þmXÞ, for the ionic system
they are defined by the polarization length and energy, r� ¼
ð2μBXC4=ℏ2Þ1=2=2 and E� ¼ ℏ2=ð2μBXr2�Þ, respectively.

FIG. 1. The three-body hyperspherical potentials UνðRÞ for the
LiLiBaþ (black) and LiLiBa (red) systems calculated at aBX ¼
0.1 (r� or rvdW) for our interaction model supporting six BX
s-wave bound states and two BB s-wave bound states. For large R
(R=rvdW ≫ 1 or R=r� ≫ 1), potentials UνðRÞ > 0 correspond to
three-body continuum channels, describing collisions between
three free atoms, while potentials UνðRÞ ≃ −Ebðv; lÞ < 0 are
atom-molecule channels describing collisions between an atom
and a molecule. Here, Ebðv; lÞ denotes the diatomic molecular
binding energies of the rovibrational states of the BX and BB
interactions. According to the number of the atom-dimer chan-
nels in the figure and considering values of EvdW and E� in
absolute units, we estimate the density of diatomic states for
the ionic systems to be 100 times larger than for the neutral
counterpart.
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In our system, they are equal to rvdW ≈ 44.99a0, EvdW ≈
kB × 6409.39 μK (or h × 133.55 MHz), r� ≈ 707.03a0,
andE� ≈ kB × 25.95 μK (or h × 0.54075 MHz), illustrating
the disparate length and energy scales relevant for neutral
and ionic systems caused by the strong polarization effects.
To ensure the proper comparison between neutral and ionic
systems, we express the results for each system in terms
of its characteristic length and energy scales whenever
appropriate.
For our scattering calculations, we define the three-body

recombination constant for a system of two identical
bosons at collision energy E as [57]

L3ðEÞ ¼
X
J

X
f;i

32π2ℏ
ð2J þ 1Þ

μk4
jSJfij2 ¼

X
f

L3f; ð2Þ

with k ¼ ð2μE=ℏ2Þ1=2, f running over all final (atom-
dimer) channels, and i over the initial (three-body con-
tinuum) channels (see Fig. 1). Here, L3f is the partial
recombination rate into the final state f and the corre-
sponding S-matrix obtained from the solutions of Eq. (1)
using the methodology developed in Ref. [51]. For the
regime of ultracold collisions (E ≪ EvdW or E�), we
consider only the lowest total three-body angular momen-
tum J ¼ 0, as higher partial-waves contributions are sup-
pressed in this regime [58,59].
Figures 2(a) and 2(b) present the three-body recombi-

nation rate, L3, for LiLiBa (red solid lines) and LiLiBaþ

(black solid lines) at collision energy E=kB ¼ 0.01 μK as a
function of the interspecies scattering lengths, aBX. In the
figure, we also show the rate Lw

3 for recombination into the
weakly bound Feshbach molecular state (aBX > 0) as well
as recombination into all other deeply bound states,
Ld
3 ¼ L3 − Lw

3 . For the ionic system, we use a Li-Li
interaction supporting 2 s-wave states while the Li-Baþ

supports 6 s-wave states (for a total of ∼10 molecular
states). For the neutral system, we use both Li-Li and Li-Ba
interactions that support 2s-wave states (for a total of ∼40
states). For both ionic and neutral systems, we include in
our calculations 50 three-body continuum channels. We
estimate our results to be converged within a 1–2% level. In
the attempt to gain a better understanding of how recombi-
nation proceeds for ionic systems, in the inset of Figs. 2(a)
and 2(b), we show the product state distribution L3f=L3 in
terms of the binding energy of the final molecular state, Eb,
for both aBX > 0 and aBX < 0, respectively. Although for
LiLiBaþ there are two types of molecular final products
(Li2 þ Baþ or LiBaþ þ Li), our results in the inset of
Figs. 2(a) and 2(b) verify the same L3f=L3 ∼ 1=Eb pro-
pensity rule found for neutral homonuclear 87Rb and 85Rb
recombination [35–39], with no preference over Li2 (open
symbol) or LiBaþ (closed symbol) molecular states. This
indicates that the same physical processes found for
neutral (homonuclear) systems apply to ionic (heteronu-
clear) systems despite the highly complex nature of the

FIG. 2. (a),(b) Three-body recombination rate L3 and partial rates Lw
3 and Ld

3 for LiLiBa (red) and LiLiBaþ (black). The results for
LiLiBaþ recombination are multiplied by ðrvdW=r�Þ4 in order to properly compare that with recombination of LiLiBa systems. For small
values of jaBXj≲ r� (or rvdW), L3 display resonant effects associated with high-partial waves diatomic molecular states [60], some of
which are not resolved in the figure. Dotted lines represent the amplitude for L3, AðL3Þ, from the universal theory [47]. The insets of
panels (a) and (b) display the product state distributions of LiLiBaþ recombination, L3f=L3 [see Eq. (2)], in terms of the molecular final
state binding energy, Eb, displaying the 1=Eb propensity rule of Ref. [37]. (c) Energy of the lowest Efimov state for LiLiBa (red) and
LiLiBaþ (black) and the corresponding width Γ expressed as error bars. Two additional trimer states associated with two-body rotational
states (pink) [60] are also presented together with their energies and widths. The inset in (c) shows the lifetime τ ¼ ℏ=Γ of the Efimov
states for both LiLiBa and LiLiBaþ.
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three-body interactions at short distances (R≲ r� or R≲
rvdW in Fig. 1).
For large values of jaBXj, jaBXj≳ r� or rvdW, Fig. 2 shows

that L3 follows the expected a4BX scaling behavior [34].
Moreover, in this range of aBX, interference and resonant
behaviors are expected. They are associated with the nth
(n ¼ 0; 1; 2;…) Efimov state for aBX ¼ aþenπ=s0 > 0 and
aBX ¼ a−enπ=s0 < 0, respectively [31–34], with s0 being the
Efimov universal coefficient controlling the strength of the
Efimov interaction. As usual, the expected values of three-
body parameters jaþj and ja−j are typically larger than the
characteristic range of the interactions [61]. However, since
LiLiBaþ and LiLiBa are both unfavorable mass-imbalanced
systems (mX=mB ≫ 1), the Efimov coefficient is small,
s0 ≈ 0.03562, and geometric scaling extremely large,
eπ=s0 ≈ 2 × 1038, in comparison to s0 ≈ 1.00624 and eπ=s0 ≈
22.7 for three identical bosons systems. As a result, it is
unlikely that such systems will display interference and
resonance phenomena for experimentally accessible values
of aBX. Nevertheless, universal behavior is still expected for
the amplitude of L3, Lw

3 , and L
d
3 as shown in Ref. [47]. Such

universal results for L3 (see End Matter) depend on the mass
ratio mX=mB, aþ, a−, and η, the nonuniversal inelasticity
parameter describing decay to deeply bound molecular states
[31,34]. For the LiLiBa neutral system, our numerical
calculations for L3 agree with the universal results of
Ref. [47]. The straight lines in Figs. 2(a) and 2(b) represent
the amplitude of the universal L3 without the interference
and resonant terms (see End Matter) and are denoted by
AðL3Þ. From the comparison to the universal results we
obtain a− ≈ −200rvdW, η ≈ 0.17 for aBX < 0, and η ≈ 0.027
for aBX > 0.
For LiLiBaþ, we could not identify any reasonable set of

parameters aþ, a−, and η within the framework of the
universal theory [47] that reproduces the recombination
amplitude shown in Fig. 2. Furthermore, by employing
different interaction models for the Li-Baþ potential—each
supporting a different number of bound states—we confirm
that our results for the LiLiBaþ system are themselves
universal, yet suppressed by a factor of about 250 compared
to the corresponding universal predictions of Ref. [47]. We
attribute this suppression of inelastic transitions to the differ-
ence in how the LiLiBaþ interactions change asR approaches
short distances compared to the LiLiBa case. As shown in
Fig.1, the three-bodypotentials forLiLiBaþ varymoreslowly
approaching short distances than those for LiLiBa, leading to
smaller nonadiabatic couplings Wνν0 in Eq. (1) and sup-
pressing inelastic transitions. We have verified this reduction
of nonadiabatic couplings numerically.
Evidently, these findings raise the question of what

makes the universality for ionic systems different than that
of neutral atoms. In fact, as shown in Ref. [49], systems
interacting via 1=r6 and 1=r4 interactions (in our case, the
LiLiBa and LiLiBaþ systems, respectively) belong to
different universality classes and are characterized by
different values of the universal three-body parameters

(e.g., a−) [62]. Although the universal theory [47]—
constructed within the framework of the effective-field
theory (EFT) assuming contact, zero-range interactions—
does not provide the values of the three-body parameters,
they provide universal expressions for L3 in terms of such
three-body parameters as well as various universal relation-
ships between them. The validity of these expressions has
been extensively verified for neutral atomic systems
belonging to the 1=r6 universality class. Nevertheless,
systems within the 1=r4 universality class have fundamen-
tally different low-energy properties manifested, for in-
stance, via the effective-range expansion [63–66]. We
provide a detailed analysis of the difference between the
effective range expansion for both 1=r6 and 1=r4 inter-
actions in the End Matter. Such modifications of the low-
energy behavior suggest that changes to the universal EFT
are required in order to properly describe the universality of
ionic three-body systems, similar to those in Refs. [67,68],
which demonstrate the importance of treating 1=r6 and
1=r4 interactions within the EFT framework. Our results on
the changes observed in our L3 calculations for neutral and
ionic systems, along with the 1=r4 universality class studies
of Ref. [49], indicate that the ionic nature of the two-body
interaction affects not only the universality of the three-
body parameter but also the universal collision rates and
other universal relationships derived from the EFT frame-
work [47]. We provide a detailed analysis of the mecha-
nisms of the ion-atom-atom universality in Supplemental
Material [69].
Although both the LiLiBa and LiLiBaþ systems are

unfavorable for Efimov physics (due to the value of the
Efimov coefficient, s0 ≈ 0.03562), our calculations in
Fig. 2(c) show that for aBX > 0, the Efimov ground state
remains bound for values of aBX=rvdW and aBX=r� much
smaller than eπ=s0 ≈ 2 × 1038. This can be explained by the
variational principle of Ref. [74], which states that the
ground state binding energy of a triatomic molecule can not
exceed three times that of the diatomic molecule, prevent-
ing the Efimov ground state from crossing the atom-dimer
threshold and becoming unbound [75,76]. In Fig. 2(c), we
show the diatomic molecular energies of the corresponding
Feshbach states, E�

2b (solid lines), along with the energies
E3b (dashed lines with symbols) and width Γ3b (error bars)
of the triatomic molecular states obtained via the time-delay
calculations similar to that of Ref. [77]. While the energies
of the Efimov ground state for the LiLiBa and LiLiBaþ
systems are similar (in relative units), their corresponding
lifetimes τ3b ¼ ℏ=Γ3b are substantially different. The
Efimov LiLiBaþ ground state has a lifetime around 5
orders of magnitude longer than those of LiLiBa [see the
inset of Fig. 2(c)], with lifetimes as long as 100 ms for the
range of aBX shown in Fig. 2(c). The longer lifetimes for
LiLiBaþ states can be understood by the combination of
their more weakly bound nature compared to the LiLiBa
states—determined by the ratio of characteristic energy
scales, E�=EvdW ≈ 4.05 × 10−3)—and the suppression by a
factor of 250 of the inelastic transitions for LiLiBaþ [see
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Figs. 2(a) and 2(b)], thus leading to an overall factor of
E�=EvdW=250 ≈ 1.62 × 10−5. Long-lived ground Efimov
states in neutral atoms have so far remained elusive, making
ionic Efimov states likely to produce interesting regimes in
the ultracold ion-atom gas mixture. While ionic Efimov
states are extremely weakly bound (jE3bj ≪ E� ≈ 25.95 μK
for LiLiBaþ) and difficult to populate due to the still limited
temperatures experiments can reach, their extremely large
extent, hRi3b ≫ r�, can exceed the average interatomic
distances (approximately 30 r� for densities around
1012 cm−3), potentially leading to novel physical regimes
[3–5,11,21–24,78].
To further explore binding phenomena in ionic few-body

states and the differences to neutral atom systems, we also
calculated the energy spectrum and the corresponding life-
times of the triatomic molecular states beyond the energy
range relevant for Efimov physics, i.e., E > EvdW ≈ h ×
133.55 MHz for LiLiBa and E > E� ≈ h × 0.54075 MHz
for LiLiBaþ. Figure 3 shows our calculations of the time
delay τDðEÞ [77] for a broad range of energies (from 0 to
h × 3.3 GHz), with molecular energies Er determined
through the values of E in which τDðEÞ is maximal, i.e.,
dτDðEÞ=dE ¼ 0, and corresponding lifetimes given by
τr ¼ τDðErÞ=4. Figure 3 shows that, similar to the diatomic
case (see caption of Fig. 1), the energy spectrum of triatomic
molecular ions (black curve) is alsomuch denser than that of
the neutral system (red curve). [Note that in Fig. 3, the
vertical dashed lines indicate the energyof theLiBa (red) and
LiBaþ (black) molecular states.]
Our calculations in Fig. 3 show that the Li2Ba three-body

molecular states have significantly shorter lifetimes than
typical Li2Baþ molecular states. Notably, certain states in
the ionic system are unusually narrow. Such states are

characterized by slightly increased lifetimes for lower
binding energies, ranging from 1 to 10 μs.

In summary, we investigated universal and nonuniversal
aspects of ionic three-body systems composed of two
identical bosonic atoms, 7Li, and a heavy ion, 138Baþ.
We found that near an ion-atom Feshbach resonance, the
ionic system (LiLiBaþ) exhibits Efimov physics in close
analogy to its neutral counterpart (LiLiBa), but with the
recombination rate, L3, strongly suppressed compared to
the neutral case [47], suggesting that the long-range ion-
atom interaction defines a class of universality where both
universal three-body parameters [49] and their universal
relationships are distinct from universality for neutral atom
systems [47]. We characterized the energy and lifetime of
Efimov ground state in both LiLiBaþ and LiLiBa systems
and found that the lifetime of the ionic Efimov state is 5
orders of magnitude longer than its neutral counterpart,
consistent with the difference in characteristic energy scales
(EvdW and E�) and the suppression factor found for the
ionic L3. We also characterized weakly bound triatomic
molecular ions, confirming the expected high density of
states characteristic of long-range ion-atom interactions.
The generally longer lifetimes of ion-atom-atom systems
constitute a key advantage for future experiments, opening
new avenues to explore few- and many-body effects in
ultracold ion-atom systems.
An interesting pathway for future research involves the

description of the dependence of universality for ionic
systems on the narrowness of Feshbach resonance. The
departure from the usual universal behavior in Efimov
physics near narrow Feshbach resonances stems from the
appearance of a new, large, two-body length scale asso-
ciated with the effective range, which leads to modifica-
tions of the long-range behavior of the Efimov interactions
[79–84]. Taking into account the relevant length scales, r�,
we do expect similar effects in ionic systems.
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FIG. 3. The time delay for 7Li7Li138Ba (red) and 7Li7Li138Baþ
(black) calculated for aBX ¼ 0.1 (r� or rvdW). The results for the
neutral system have been multiplied by a factor of 10. The vertical
dashed lines are the energies of two-body molecular states to
which the effective potentials WνðRÞ converge at large values of
R. The peaks and width of the time-delay parameter describe the
energies and lifetimes of the three-body bound states supported
by WνðRÞ.
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End Matter

Effective range theory—Effective range theory is an
important tool for the analysis of low-energy scattering. It
became an essential framework for development of the
universal theory of ultracold collisions. Effective range
theory provides the leading terms in the expansion of
k2lþ1 cot δl as a function of the collision energy, where δl
is the phase shift of the scattering wave function for the
angular momentum l, and k is the wave number. For
collision energies approaching the s-wave regime, we
consider only l ¼ 0. In this regime, the shape-independent
approximation to effective range expansion becomes

k cot δ0 ¼ −
1

a
þ 1

2
reffk2 þOðk4Þ; ðA1Þ

which is valid for k < reff−1, where reff is the effective
range and where a is the two-body scattering length.
Equation (A1) is valid only for short-range potentials,
which fall off faster than any power of 1=r. The terms of
the expansion are modified for inverse power-law
potentials, i.e., vðrÞ → −Cn=rn; r → ∞. Nevertheless, if
the potentials decay sufficiently rapidly at large r, only
the higher order terms are modified. For example, the
term Oðk4Þ changes to O½k4 lnðkÞ� for n ¼ 6 [86,87].

The form of solutions of the free and regular radial
Schrödinger equation at k ¼ 0 allows us to approximate the
effective range with an energy-independent expression

reffðaÞ ¼ 2

Z
∞

0

½v20ðrÞ − u20ðrÞ�dr; ðA2Þ

where v0ðrÞ ¼ 1 − r=a is the solution to the free radial
Schrödinger equation, and u0ðrÞ is the solution to the
Schrödinger equation with a finite potential VðrÞ [63,65].
However, Eq. (A2) can be obtained only by approximating
the solutions at finite k to v0 and u0 at short range and setting
the value of the integral to 0 at long range, where the two-
body potential effectively vanishes. This assumption is valid
only for a certain class of long-range two-body potentials of
the form VðrÞ → −Cn=rn; r → ∞, where n > 4.
Long-range potentials, like the ones representing the ion-

atom induction dominating interaction at n ¼ 4, require a
more general approach, which introduces terms propor-
tional to ∼k and ∼k2 ln k in the k cot δ0 expansion [88]

k cot δ0 ¼ −
1

a
þ c�1ðaÞkþ

16r2�
3a

k2 ln

�
r�k
2

�

þ 1

2
R�
effðaÞk2 þOðk3Þ; ðA3Þ
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where c�1ðaÞ ¼ 4πr2�=ð3a2Þ and where

R�
effðaÞ¼ r�eff þ

4πr�
3

þ160r2�
9a

−
64ψð3

2
Þr2�

3a
−
16πr3�
3a2

−
32π2r4�
9a3

ðA4Þ

is the generalized effective range for the ion-atom inter-
action. In the above equation, we define r�eff to be the ion-
atom effective range. We relate the modifications in the
ionic k cot δ0 expansion to corresponding changes in the
universal theory of few-body collisions arising from long-
range interactions.
We present the calculated results for the k cot δ0 expan-

sion in Fig. 4. For neutral and ion-atom interactions, we fit
the expressions in Eqs. (A1) and (A3), respectively, to
numerically obtained values of k cot δ0. The coefficients of
the effective range expansion are plotted against 1=a in
units rescaled for both the neutral and ion-atom inter-
actions. The results for the neutral ∼k2 coefficient, i.e., reff ,
agree with the analytical expression reported in Ref. [20].
Likewise, the ionic ∼k coefficient accurately reproduces
the expected 1=a2 dependence. For the ion-atom system,
the ∼k2 coefficient is extracted by subtracting the loga-
rithmic term from k cot δ0 prior to fitting. Specifically, we
evaluate the ∼ ln k contribution at k ¼ 0.003r−1� . At this
value, k cot δ0 converges to −1=a, confirming the correct
threshold behavior. The numerical values are compared to
Eq. (A4) under the approximation r�eff ≈ 0. Any deviations
from this formula provide an estimate of the ion-atom

effective range. Because the nonlinear ∼ ln k2 term reduces
the numerical stability of the fit, we assess its influence by
adding it to the ∼k2 coefficient after the fitting procedure.
This term has a significant impact on the ∼k2 behavior of
the k cot δ0 function.

Three-body recombination for aBX > 0—The LiLiBa
system has a large mass imbalance measured by
δ ¼ mX=mB, where mX is the mass of one dissimilar
atom X, in our case the barium atom, while the two
lithium atoms have masses mB. We modify the
implementation of the universal theory to the three-body
problem for large scattering lengths to account for the
heteronuclear properties of our system. Following
Ref. [47], the rate Lw

3 for recombination into the weakly
bound Feshbach molecular state (aBX > 0) is given by

Lw
3 ¼ 2CðδÞ Dðsin2½s0 lnðaBX=aþÞ� þ sinh2ðηÞÞ

sinh2ðπs0 þ ηÞ þ cos2½s0 lnðaBX=aþÞ�
ℏa4BX
mX

;

ðB1Þ

where D ¼ 128π2ð4π − 3
ffiffiffi
3

p Þ; aþ is the three-body
parameter (aþ > 0); η is the inelasticity parameter,
where η ≪ 1 means low decay probability into deep
dimers and η ≫ 1 high decay probability; and the mass-
dependent coefficient is denoted by CðδÞ. We present
results for three-body recombination rates L3 rather than
the event rate constant αw ¼ L3=2, which takes into
account that two identical atoms are taking part in the
collision. Reference [47] provides the analytical formula
for the mass coefficient,

CðδÞ ¼ ð1þ δÞ2 arcsin½1=ð1þ δÞ� − ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δð2þ δÞp

2ð4π − 3
ffiffiffi
3

p Þ ; ðB2Þ

which is valid for δ > 2. The universal rate for
recombination into deep dimers is given by

Ld
3 ¼ 2CðδÞ D cothðπs0Þ coshðηÞ sinhðηÞ

sinh2ðπs0 þ ηÞ þ cos2½s0 lnðaBX=aþÞ�
ℏa4BX
mX

:

ðB3Þ

For aBX > 0, the Efimov state is expected to unbind into
the Feshbach dimer at aþ, while successive Efimov levels
cross the atom-dimer threshold at scattering lengths that are
separated by the universal factor eπ=s0. The interference
between the decay pathways produces the characteristic
log-periodic suppression of the three-body recombination
rate, which is described by trigonometric factors
∼ sin2½s0 lnðaBX=aþÞ� and ∼ cos2½s0 lnðaBX=aþÞ�. For
our heteronuclear system, we obtain s0 ≈ 0.03562,
corresponding to eπ=s0 ≈ 2 × 1038. Consequently, the log
period is very large, and the oscillations are inaccessible
within any numerically feasible range of aBX. Furthermore,

FIG. 4. The (generalized) effective ranges for the ion-atom
(black solid line) and neutral (red solid line) two-body inter-
actions. The coefficient ∼k obtained for the ionic expansion is
marked as c�1 (blue solid line). Dashed lines represent the
analytical expressions given by Eq. (34) of Ref. [20] for the
neutral interaction (red), the expression for c�1ðaÞ (blue), and
the expression given by Eq. (A4), in which we set r�eff ¼ 0 (black)
for the ion-atom interaction. The gray dot-dashed line shows the
generalized ionic effective range plus the estimated logarithmic
term at k ¼ 0.003r−1� .
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the value of aþ cannot be reliably determined in our range
of L3 calculations, because the Efimov trimer actually does
not unbind into the atom-dimer threshold, as presented in
Fig. 2(c). Thus, we treat the trigonometric factors as
effectively constant. We propose that the interference terms
∼ sin2½s0 lnðaBX=aþÞ� and ∼ cos2½s0 lnðaBX=aþÞ� are set to
1 and 0, respectively. We emphasize that this approach
represents a limiting-case approximation rather than a
general prediction. In this way, however, we capture the
universal scaling behavior of Efimov-related interferences
by introducing a maximum amplitude for recombination
into a weakly bound Feshbach molecular state, which is
given by

AðLw
3 Þ ¼ 2CðδÞDð1þ sinh2 ηÞ

sinh2ðπs0 þ ηÞ
ℏa4BX
mX

: ðB4Þ

Similarly, the maximum amplitude for recombination into
deep dimers is given by

AðLd
3Þ ¼ 2CðδÞD cothðπs0Þ coshðηÞ sinhðηÞ

sinh2ðπs0 þ ηÞ
ℏa4BX
mX

: ðB5Þ

Naturally, the formula for the total recombination rate is,
therefore, given by

AðL3Þ ¼ AðLw
3 Þ þ AðLd

3Þ: ðB6Þ

We fit the model presented in Eq. (B6) to our numerical
results and estimate the value η ≈ 0.027.

Three-body recombination for aBX < 0—For aBX < 0,
shallow Feshbach dimers are absent. The atoms can only
recombine into deep dimers. Following Ref. [47], the
rate constant for the recombination into deep dimers is
given by

Ld
3 ¼ CðδÞ D cothðπs0Þ sinhð2ηÞ

sinh2ðηÞ þ sin2½s0 lnðaBX=a−Þ�
ℏa4BX
mX

; ðC1Þ

where a− is the position of the Efimov resonance. Using
limited data for the numerically calculated L3 (obtained
up to jaBXj < 100rvdW) we give a very rough estimate
that a− ≈ −200 rvdW. Although ja−j is substantially
smaller than aþ, the numerical limit of our calculations
does not allow us to confidently include the term
sin2½s0 lnðaBX=a−Þ� in our model for fitting. Instead, we
follow the approach given for aBX > 0 and compare our
results to the maximum amplitude of the three-body
recombination

AðL3Þ ¼ CðδÞD cothðπs0Þ sinhð2ηÞ
sinh2ðηÞ

ℏa4BX
mX

: ðC2Þ

The fit of this model to numerical values allows us to
approximate the value η ≈ 0.17.
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The adiabatic hyperspherical representation

We solve the three-body problem by employing the adia-
batic hyperspherical representation [1]. Within this frame-
work, the motion of the three-body system can be separated
into the hyperradial and hyperangular parts. The hyperradius
R determines the overall scale of the system, while the re-
maining degrees of freedom are captured by a set of hyperan-
gles Ω, which describe both the internal motion and the sys-
tem’s rotations.

Upon rescaling the total wavefunction using the appropri-
ate asymptotics Ψ = ψ/R5/2 and separating out the center-
of-mass motion, the three-body Schödinger Equation can be
written in the following form

[−
h̵2

2µ

∂2

∂R2
+ Ĥad(R,Ω)]ψ(R,Ω) = Eψ(R,Ω) , (1)

where the adiabatic Hamiltonian, Ĥad, is given by

Ĥad =
Λ2(Ω) + 15/4

2µR2
+ V (R,Ω) . (2)

The hyperangular part of the kinetic energy as represented by
the grand-angular momentum operator, Λ2(Ω), and V (R,Ω)
is the three-body interaction potential.

The adiabatic separability of the hyperradial and hyperan-
gular motion of the three-body system allows us to impose the
adiabatic expansion on the total wavefunction

ψν(R,Ω) = ∑
ν

Fν(R)Φν(R;Ω) , (3)

where Fν(R) are the hyperradial wavefunctions, Φν(R;Ω)
are the channel functions, and ν represents the set of quantum
numbers describing each channel. The channel functions form
an orthonormal basis of the expansion and are the solutions of
the adiabatic equation

ĤadΦν(R;Ω) = Uν(R)Φν(R;Ω) , (4)

at fixed R, where Uν(R) are the three-body hyperspherical
potentials.

Using the adiabatic expansion, we obtain the hyperradial
Schrödinger Equation. It is a set of coupled differential equa-
tions, which allow us to find the hyperradial wavefunctions
Fν(R)

[−
h̵2

2µ

d2

dR2
+Uν(R) −E]Fν(R) +∑

ν′
Wνν′(R)Fν′(R) = 0 .

(5)

The hypperradial Schrödinger Equation describes the motion
of the three-body system governed by the three-body effective
potential matrix Wνν′(R) defined by

Wνν′(R) = 2Pνν′(R)
d

dR
+Qνν′(R) . (6)

The derivative couplings Pνν′(R) and Qνν′(R) are given by

Pνν′(R) = −
h̵2

2µ
⟨Φν(R)

RRRRRRRRRRR

∂Φν′(R)

∂R
⟩

Qνν′(R) = −
h̵2

2µ
⟨Φν(R)

RRRRRRRRRRR

∂2Φν′(R)

∂R2
⟩

, (7)

where the brackets denote integrating over the hyperangles.
The first derivative coupling is zero, Pνν(R) = 0, for ν′ = ν
due to the orthonormality of the channel functions Φν(R).
Thus, the diagonal part of the Wνν(R) matrix is equal to the
nonadiabatic coupling Qνν(R).

Evidence of universality in ion-atom-atom systems

In our studies, we have explored the combination of var-
ious LiLi and LiBa+ interaction models supporting different
number of s-wave bound states. Although not strictly nec-
essary for universality studies, we chose to display results ob-
tained from the model where the Li-Li and Li-Ba+ interactions
support, respectively, 2 and 6 s-wave states because it more
closely represents the real physics of the problem. Due to the
largely different characteristic energy scales for the Li-Li and
Li-Ba+ interactions (ELiLi

vdW/E∗ ≈ 10
3), it takes a Li-Ba+ inter-

action supporting more states than the Li-Li to provide a sim-
ilar strength at short distances. This ensures that Li-Li and Li-
Ba+ bound states overlap, leading to deeply bound three-body
potentials associated with the LiBa+ dimer channels compa-
rable to those corresponding to the Li2 dimers.

For universality studies near a Li-Ba+ Feshbach resonance
(∣aBX ∣/r∗ ≫ 1), it is crucial to compare results obtained from
Li-Li and Li-Ba+ model interactions including different num-
ber of bound states, as they produce drastically different short-
range physics. In order to further test universality, it is also
important to explore Li-Li interaction models producing dif-
ferent scattering lengths, aBB , to understand the impact of
the interaction between neutral atoms in an ionic three-body
problem.
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FIG. S1. Energy of the lowest Efimov state and the corresponding
width Γ expressed as error bars for LiLiBa+ calculated for two in-
teracting models supporting m BB s-wave bound states and n BX
s-wave bound states – marked ’PmPn’. The inset shows the lifetime
τ = h̵/Γ of the Efimov states for LiLiBa+ for both of the interac-
tion models. The perturbation of the lifetime of the Efimov state at
aBX ≃ 1 is a result of the three-body state interference with a high-
partial wave diatomic molecular state.

In Fig. S1 we provide evidence of LiLiBa+ universality
by comparing the energy of the lowest Efimov state obtained
from PnsPn+s model interactions supporting different number
of Li2 and LiBa+ s-wave bound states, ns and n+s , respec-
tively. The relative variations between the energies obtained
from the two models remain within 2% for the range of scat-
tering lengths shown in Fig. S1. We note that both models also
present similarly long lifetimes for Efimov states, allowing us
to point out the extended lifetimes in the ionic three-body sys-
tems as another universal property in the problem. Below, we
will present our theoretical understanding of the physics lead-
ing to such universal properties while discussing the proper-
ties of the three-body effective potentials associated with the
Efimov physics.

Similarly, we have investigated manifestations of univer-
sality in LiLiBa+ recombination. However, we find that such
signatures are considerably more subtle and difficult to real-
ize to the same degree as those observed in the energy spec-
trum. In Fig. S2, we present our results for the three-body
recombination rate L3(aBX > 0) obtained from the P2P2 and
P2P6 models, together with the corresponding partial contri-
butions from recombination into the weakly bound LiBa+ s-
wave state, Lw

3 , and into the remaining deeply bound chan-
nels, Ld

3 = L3 − L
w
3 . While a degree of universality is in-

directly reflected in Ld
3, the clearest signatures for aBX > 0

emerge through Lw
3 , particularly in the limit η → 0, where

1 10

10 31

10 30

10 29

10 28

10 27

10 26

10 25

aBX [r* or r
 
vdW]

     P2P2      P2P6

L3      

L3
w     

L3
d    

L 3
 [c

m
6 /
s]

FIG. S2. (a), (b) Three-body recombination rate L3 and partial rates
Lw

3 and Ld
3 = L3 − Lw

3 for LiLiBa+ calculated for two interacting
models: P2P2 and P2P6’. For small values of ∣aBX ∣ ≲ r∗, L3

display non-universal resonant effects associated with high-partial
waves diatomic molecular states [2], some of which are not resolved
in the figure.

Ld
3 → 0. In our calculations, however, η ≠ 0, and although the

behavior of L3 may not appear at first sight as strong evidence
of universality, we argue it remains fully consistent with it.

The main challenge in probing universality via L3 in a sys-
tem with an unfavorable mass ratio, mB/mX ≪ 1, such as
ours, stems from the extremely weak Efimov attraction char-
acterized by s0 ≈ 0.03562. This leads to an extraordinarily
large geometric scaling parameter, eπ/s0 ≈ 2×1038, character-
izing the log-periodic occurrence of Efimov features (a− < 0
corresponding to resonances and a+ > 0 to interference min-
ima) in L3. This has primarily two effects. First, within the
framework in which the three-body parameters a− and a+ are
universally set by the short-range length scale r∗ –analogous
to the familiar ∣a−∣ ≈ 10 rvdW relation for identical bosons for
which eπ/s0 ≈ 22.7– the weakness of the Efimov interaction
implies that both a− and a+ should likely be expected to occur
at values much larger than 10 r∗. Second, the enormous scal-
ing factor eπ/s0 indicates that the characteristic range in aBX

over which a given Efimov feature develops is itself vastly ex-
panded compared to the identical-boson case. Consequently,
resolving universal behavior would require variations of aBX

over many orders of magnitude.
The limited interval accessible in our calculations (∣aBX ∣ ≤

20r∗) is therefore insufficient to clearly reveal such universal-
ity. [Note that ∣aBX ∣ = 20r∗ is by no means small in abso-
lute terms, corresponding to ∣aBX ∣ ≈ 440 rvdW ≈ 1.4 × 10

4 a0
where rvdW is the van der Waals length for the Li–Li inter-
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FIG. S3. Three-body effective potential, Wν(R) = Uν(R) +
Wνν(R), for the Efimov channel at aBX → ∞, for the LiLiBa+

(tones of gray) and LiLiBa (tones of red) systems presented in rela-
tive units. The potentials are calculated for P2Pn interaction models
(n = 1 to 4). The value of aBB is set to the background scattering
length for 7Li atoms (aBB = −27.3a0).

action.] As a result, our calculations explore an extremely
small fraction of a period of log-periodic behavior of L3 and a
modest variations of η, representing differences from distinct
model interactions, can produce substantial changes within
this restricted range of aBX . For instance, using Eq. (7) for
Lw
3 in the main text, setting a+ = 100r∗, the values of Lw

3

obtained using η = 0.1 and η = 0.125 can differ between 42%-
76% for values of aBX within the [r∗,20r∗] range, i.e., away
from aBX = a+. A much smaller variation in Lw

3 is observed
for values of s0 > 1.00624 corresponding to the cases with
three identical bosons and systems with a favorable mass ra-
tio, mB/mX ≫ 1, thus indicating a stronger sensitivity to η
for systems with mB/mX ≪ 1. In this context, we believe
the level of variations observed for L3 shown in Fig. S2 is
still consistent with universal behavior, although not enough
to make a claim nearly as strong as that found for the energies
of the Efimov states in Fig. S1.

Mechanism of universality in ion-atom-atom systems

Similar to the universality with neutral atoms, we have
found that the hallmark of universality in strongly interact-
ing ionic three-body systems is also a repulsive barrier in
the effective three-body potential describing Efimov physics,
which prevents atoms from reaching short distances and prob-
ing non-universal effects. In Fig. S3 we demonstrate this and
compare the effective potentials Wν(R) = Uν(R) +Wνν(R)
for both LiLiBa (tones of red) and LiLiBa+ (tones of gray)
systems with aBX = ±∞ and aBB set to the Li-Li back-
ground value, aBB = −27.3a0. These results were obtained
from different model potentials (P1Pn and P2Pn, with n = 1
to 4) and are presented in relative units. In both neutral and
ionic cases there exist a repulsive barrier preventing atoms to
approach short distances defined in each case by the corre-
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FIG. S4. The three-body hyperspherical potentials Uν(R) and the
diagonal parts of the three body effective potential matrix Wνν(r),
as well as the three-body effective potentials Wν(R) = Uν(R) +
Wνν(R) for the Efimov channel at aBX = ±∞, for the (a) LiLiBa
and (b) LiLiBa+ system calculated using the P2P3 interaction model.

sponding characteristic range of the interactions–R/rvdW ≲ 2
for neutral and R/r∗ ≲ 2 for ionic systems.

Although Fig. S3 indicates that both strongly interacting
neutral and ionic three-body systems are universal, there are
a few key differences that make ionic systems unique. It is
clear from Fig. S3 that the strength of the effective interac-
tion is deeper (in relative units) for neutral atoms than for
ionic systems, near the corresponding equilibrium positions,
R ≈ 2rvdW andR ≈ 2r∗, respectively. More importantly, neu-
tral potentials change faster as R approaches short-distances
than ionic potentials. In the adiabatic representation, fast
changes inR are associated with the increase of non-adiabatic
effects. In fact, in Fig. S4 we show the non-adiabatic effects in
the effective potentialsWν(R) = Uν(R)+Wνν(R) originated
from the diagonal non-adiabatic coupling, Wνν(R). This fig-
ure clearly shows that three-body interactions Uν(R) varies
much faster for neutral [Fig. S4(a)] than for ionic [Fig. S4(b)]
systems, which leads to much larger diagonal non-adiabatic
couplings Wνν .

In fact, since in hyperspherical representation inelastic tran-
sitions are driven exclusively from non-adiabatic couplings
Wνν′(R) [see Eq. (6)], the suppression of non-adiabatic ef-
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FIG. S5. The sums of non-adiabatic couplings between the Efi-
mov channel and all deeply bound states fd

ν (R) for the LiLiBa (red)
and LiLiBa+ (black) systems calculated using the P2P3 interaction
model.

fects for ionic systems (relative to neutral systems) has a pro-
found impact on various relevant observables. In our case,
we are mostly interested in three-body observables for pro-
cesses that involve the Efimov channel. In particular, the non-
adiabatic couplings between this channel and deeply bound
diatomic channels control the amplitude of recombination as
well as the lifetime of Efimov states. As a result, characteriz-
ing such non-adiabatic effects can potentially elucidate impor-
tant properties of the system. For each pair of channels ν and
ν′, the strength of the non-adiabatic coupling is characterized
by

fνν′(R) =
h̵2

2µ

P 2
νν′(R)

∣Uν(R) −Uν′(R)∣
, (8)

where Pνν′(R) is the first-order non-adiabatic coupling [see
Eq. (7)]. However, for systems containing various bound
states, the number of channels that contribute to the inelas-
tic transitions can be quite large. In order to encapsulate the
overall effect of all relevant transitions, we define the strength
of the non-adiabatic couplings between the Efimov channel,
ν, with the deeply bound diatomic channels, ν′, by summing
over all channels ν′,

fdν (R) = ∑
ν′
fνν′(R). (9)

In Fig. S5, we show the effective coupling strength, fdν (R),
for both LiLiBa and LiLiBa+ systems, emphasizing the sup-
pression of non-adiabatic effects for ionic systems. For large
values of R, fdν (R) falls off as 1/R3 [3] for both neutral and
ionic systems, however, with an amplitude for ionic systems
that is a factor 4 smaller than for neutrals. As R approaches
short distances, fdν (R) for neutral systems display various en-
hancements for R/rvdW ≲ 2 associated to avoid -crossings
characteristic of heteronuclear neutral atom systems [4], while
fdν (R) for ionic systems remains smooth, and with a signif-
icant smaller amplitude, until R/r∗ ≲ 1. While we associate
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FIG. S6. Three-body effective potential W (R) for the Efimov chan-
nel at aBX = ±∞, for the (a) LiLiBa and (b) LiLiBa+ system calcu-
lated using the P2P3 interaction model. The potentials are calculated
for many values of aBB ranging from −0.84035r′vdW (−0.039r∗) to
25r′vdW (1.149r∗), where r′vdW is the van der Waals length related
to the BB interaction.

this suppression of non-adiabatic transitions with the long life-
times for ionic Efimov states, the suppression of the ionic
recombination L3 is likely a combination of changes in the
long-range diagonal nonadiabatic coupling [see Figs. S4(a)
and (b)] and off-diagonal non-adiabatic couplings represented
in Fig. S5.

It is also crucial to emphasize the role of the intraspecies
scattering length aBB in the universal properties of a het-
eronuclear BBX system with large aBX scattering length.
The importance of aBB in neutral atoms systems is a well
known result [5–7] and evidently should play a similar role
in our ionic three-body system, LiLiBa+. For neutral atoms
BBX systems with strong interspecies vdW interactions,
∣aBX ∣ ≫ rBX

vdW, universality should in general be determined
in terms of characteristic range on the interactions, rBX

vdW.
However, whenever ∣aBB ∣ ≳ r

BX
vdW, BBX universality is ex-

pected now to be determined in terms of aBB . In the numer-
ical studies of Ref. [5] [see Fig. 2 of this reference], for in-
stance, noticeable changes on the Efimov states at aBX = ±∞

are observed for values of ∣aBB ∣ ≳ 0.26r
BX
vdW, which is a small

number (in absolute units).
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However, there is a fundamental difference between what
is found for neutral atoms and our studies. For ionic systems,
universality is set in terms of the characteristic range of the
atom-ion (BX) interaction, r∗, which is typically much larger
than neutral atoms short-range length scales (rBB

vdW or rBX
vdW).

In this case, the expectation is that it would require a larger
value for aBB (in absolute units) for changes in universality
to take place than what is found for neutral atoms systems.
This effect can be seen in Fig. S6, where we show the effec-
tive potentials for LiLiBa+ with aBX = ±∞ and different val-
ues of aBB , displayed in the figure in units of r∗ ≈ 707.03a0,
for the LiBa+ (BX) interaction, and rvdW ≈ 32.8a0, for the
LiLi (BB) interaction. Figure S6 shows that changes beyond
15% on the three-body interactions near its minimum are ob-
served for aBB ≳ 3.981rvdW = 0.183r∗, a point where aBB

should become the dominant length scale characterizing uni-
versality in the problem. Since changes in the depth of the
three-body potentials do not directly translate, for instance,
into changes on the energies of the Efimov states [in Ref. [8]
it was found that changes of about 30% on the minimum of
the potential caused less than 10% variation of the energy of
a Efimov state], a more quantitative analysis is required in or-
der to quantify the effects of changes of aBB in the universal
properties of the system. Nevertheless, Fig. S6 qualitatively
shows that aBB also plays a role in the universality in ionic
three-body systems, but in a less critical way than found for
neutral atoms. While for ionic systems BBX universality is

insensitive to the BB interaction for ∣aBB ∣ ≲ r∗, therefore
allowing for large values and variations of aBB , for neutral
systemsBBX universality is substantially modified for much
smaller values of ∣aBB ∣ ≳ r

BX
vdW.
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